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Three Likelihood Based Tests

Suppose that we have the log-likelihood function for n observations as;
L(0)

where § € © C R*
The (unconstrained) MLE for 6 is defined as

0 = arg max L(0)

Moreover, we have the following hypotheses;
Ho;g(0) =0 Ha;g(0) #0

where g (-) : RF — R? and continuously differentiable with g—g of full column rank. We define the constrained
MLE for 6 as B
0 = argmax L () + ¢’ (6) A
0co

where X is a (¢ x 1) vector of Lagrangian multipliers.
We have three versions of tests to check the hypothesis;

W =ng (5)' mrl (5) i @ ) g (5) ~x%(q)
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LR=2[L(8) ~L@)] ~x*(0)
where s (0) = 8{“9(09) lp_5 — score evaluated at § = 6, X is the Lagrangian multiplier and i (¢) is the information
matrix.

Three Tests in Normal Linear Model - Known Variance -
Suppose we have the following model;
y=XB+¢ e~ N (0,0%1)

where o2 is known. Without loss of generality, we can assume that o2 = 1. Furthermore, suppose that we
have the following linear restrictions;

Hy; RG—r=20 Hao;RB—1r#0

Then, the log likelihood function is given by

n 1
L(B) = 3 log 21 — B (y—XB) (y— XP)
The first-order condition for maximization is;

aL(ﬂ)_ L YIvA_



99
remember that ~o5

Hence, the unconstrained MLE is given by
f=('x)" XYy
On the other hand, we can obtain the constrained MLE;
£=-Tlog2m— 3 (y~ XB) (y— X0) + (RG—r)'A

The first-order conditions are;

8£_ L !'vAa o
a5 = Xv- XX+ RX=0
oL

ox ~BA-r=0

From (2),
B=(X'X)""X'y+(X'X) "RX=03+(X'X)""RX

Multiplying (4) with R and rewriting gives;
P [R (x'x)™ R’} o (RE — RB)
- [R (x'x)™ R’} B (r - RB) from (3)
— - [r(x'x)" R - (rB-r)
Substituting (5) back into (4) yields;
B=53-(X'X)'R [R (X'x)"" R’] o (RB— r)

To get the information matrix, we differentiate the score with respect to 3;

8553(5) =~ (XX)
Therefore, the information matrix is given by:
Lo (-2 i - (Lo )
Note that R
9(#)=R3-r=g(B) —Rﬁ—r,% =R
Then,

Again, note that

g

) and i (0) do not depend on ( in our case.



The LM statistic is given by;

LM = %x’ (39_@i_1 @2 (§)> .

00’

_ % (r3- r)/ (RX'X)R| R <%X’X> T
= (rB- r)/ [R(x'x)" R B (RB-7) 9)

the second equality comes from (5). From (7) and (8), we can check W = LM.

We have to evaluate the log-likelihood function at the constrained and the unconstrained MLE to find
the LR statistic. Now,

[R (X'x)" R’] o (RE— r)

L () = S tos2n — 5 (y— XB) (v XB) =~ log2n - ;&%
— n 1 —\/ — n 1_,_
L(B) = —510g27r— 5 (y—XB) (y—XB) = —§log27r— e
Then,
LR=2 [L (5) ) (B)} = [¢'z — ¢ (10)
However,

ge = (y — XB) (y— XB)
y=x (G- w Ry R] T (RE =) )|

[y 'S (5 —(X'X)'R [R x'x)™ R’} o (Rﬁ - r))] from(6)

- (y - XB)+ X (X'X) R [R(X'X) R B (3 - 7“)},

[(y - XB) FX(X'X) R [R (xX'x)"! R’] o (RB— r)]

- (y - XB)' (y - XB) n (RB— r)/ [R (X'x)"! R’} TR X (y - XB)

+ (y - Xﬁ)/ X(X'X) 'R [R (xX'x)"! R’} B (RB— r)

+ (Rﬁ - r)/ [R (x'x)™ R’} TR XX (XX) R [R (x'x)™ R’} o (Rﬁ - r)

— (y- Xﬁ)/ (y - Xﬁ) n (Rﬁ— r), [R (X'x)"! R’} o (RB— r)

— e+ (RB—r)' [R (X’X)*IR’T1 (Rﬁ—r) (11)

note that the second and the third term in the expansion vanish since X’ (y — Xﬁ) = X'e = 0. From (10)
and (11), we have
~ / -1 ~
LR=7¢%—¢¢= (Rﬂ - r) [R (X'x)"" R’] (Rﬂ - r)
Hence, we conclude that LR = W = LM. Moreover, we know that
LR=W = LM ~ x*(q)

Since the model is based on the normally distributed error terms, we can actually obtain the exact
distribution of the test statistic. Note that

~

B~ (5,307
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remember that MLE is the least squares estimator in our case and we assumed that 02 = 1. Then,
RB~ N (Rﬁ, R(X'X)" R’)
(RB - Rﬂ) ~N (0, R(X'X)! R’)
Under the null hypothesis, R3 = 7.
(RB— r) ~N (o, R(X'X)" R’)
Then, we can form a quadratic form of the normal variates to get a x? random variable such that
(RB— r)' [R (X'x)"" R’} B (RB— r) ~x*(q)

since rank {R (X’X)_1 R’} = ¢ by assumption. We don’t need the F'—test here since we know o2 = 1. The

three likelihood based tests have the exact distribution as shown above. Since the distribution of error term
is normal, we don’t need the three tests based on asymptotic argument. However, we have shown that the
asymptotic tests works even in the exact case.
Three Tests in Normal Linear Model - Unknown Variance -
Suppose we have the following model;
y=XpB+ec  e~N(0,0%)

and the following linear restrictions;

Hy; RG—r=20 Hao;RB—1r#0

Then, the log likelihood function is given by

L(B,0%) =L(0) = —glog?vr— gloga2 - % (y—XB) (y— XB)

20
where § = (3, 02)/ )
The first-order derivatives(scores) are;
oL (0 1
%Z—p[—X/ZH-X'Xﬁ] (12)
oL(#)  n 1 ,
952 *—T'Q‘Frf;(y—Xﬁ) (y—XB) (13)

The second order derivatives are

o’L® 1,

0803 X

0L (6 1

0L (6 1 ,

8(05)3 — o = = W= X (- XP)



Taking the expectations of the minus of the second derivatives;

PLe)N 1.,
E<_ aﬁaﬁ’) =gk

g
PLO)Y _ 1 / /
— L x'xpy xx8 =0
g
82[/(9) n 1 /
E <_8(02)2> =551 + FE [(y—XB) (y— XB)]
1, 1
__;7+EE(86)__TI4+_6710—2
-
- 204

Therefore, the information matrix is given by

1 %L (0 , LX'X 0
n” (‘ 898(9’)> =i(5.7%) = [ o ok }

n

The unrestricted MLE is given by;
> -1

B=(X'X)" X'y

9 1 ~\/ ~ 1.,

0 =— (y—Xﬁ) (y—Xﬁ) = —¢€e

n n
from (12) and (13).

We are now ready to form the Wald statistic.. Note that our null hypothesis is not involved in 2.

In addition, since the information matrix is block diagonal between 8 and o2, we can ignore o2 in doing
inferences on (. Identifying each elements in the statistic, we find that

-1

o9 (B . 0g (B .
() |25 () 2] )
:n(Rﬁ—r>/ R(%X’X)AR’ : (Rﬁ—r)
=52 (RB - 7“)/ [R(X'X) " R B (rB-r) (14)

note that the test statistic contains 52 unlike before. To find the LM statistic, we again form a constrained
maximization problem;

Lz (y—XB) (y—XB)+ (RB—r)' A

L= —glog%r— gloga2 ~ 5

The first-order conditions are;

oc 1 ., , ~
a—ﬁ:?[Xy—XXm—kR)\:O (15)
3£ n 1 —/ —
507 = T3t ot 0 XP) (- XB) =0 1o
Ry
From (15),
B=(X'X)"'"Xy+a2(X'X) "RA=3+32(X'X)"'RX (18)



Multiplying (18) with R and rewriting gives;
Y=o 2 [R (x'x)™" R’] o (RB _ RB)
=52 [R x'x)"" R’] B (r - Rﬁ) from (17)
— 52 [R (xX'x)"! R'] B (RB— r) (19)
Substituting (19) back into (18) yields;
B=F-(X'X)'R [R (X'x)"" R’] o (RB— r) (20)

The LM statistic is now given by;

=1y (39 ) -1 (3 2 (9)> X

n o0’ 00

= % {5—2 [R (X'x)"" R’}_l (RB— 7")}/ R (%X’X)l R

[5—2 [R (x'x)"" R’} o (Rﬁ _ r)]

=52 (RB— r)/ [R (X'x)"" R’} o [R (X'x)"! R’} [R (X'x)"" R'} B (RB— r)

—52 (RB - r), [R (x'x)"" R’} o (RB - r) (21)
(s=X5) (s-7)

Note that (14) and (21) are different. We use 52 = %e in (14) and 52 = €& = W2 WD) 4y (21),

The values of likelihood function at the unconstrained and the constrained MLE are given by;

L (B,(?) - —glogQW— " ogd? — (y—XB)' (y—XE)

2 252
1 . 1
:—glogQW—glog62——2A2€'e:—glog2ﬂ—glog02——2A2n02
o o
:—glogQW—glog&Q—g
_— _ 1
L(ﬂ,a2):——1og27r—510g02—ﬁ(y—X5) (y—Xﬂ)
1
:——10g27r——10g02—Té'é:—210g27r——10g02——n&2
252 2 2
:——10g27r——10g52—g

Then,

=n [log 5% —log &2} = nlog 52



A very expression can be obtained as;
_ _ N/ 3R
n(o?-5%) =ee~ce=(y-XP) (y- XB) - (y— XB) (y- X3
= 2%/XB+BX'XB-2/XB+FX'X3

_ oyx [5_ (X'X) 'R {R (xX'x)" R| B (R0~ T)]

w30 w [reex w] T (m 1) x

{B— (X'X)' R [R (x'x)"" R’} B (Rb’ r)}

— 2/ XB+ B X'XJ from (20)

= 2/ XB+2y'X (X'X)'R' [R (xX'x)"" R’} B (RB - r)

1

+BX'XP - (Rﬁ - r)l [R (X'X)~ R’} RX'X) ' X'X[G

XX (X'X)' R {R (xX'x)™" R’} B (RB - r)

(Rﬂ ) { (X'X)" 1R’} RX'X) ' Xx'X (X' X)™!

% R’ [R(XX) 13']_ (Rﬂ—r)

-2/ X+ X' XS

:2y'X(X'X)*1R[ } 1(RB r) (Rb’ r) [R(X'X)*R’}_ RB
- R [R(x'x)™ ’}_ (Rﬁ r)+(RB r) [R(X IR'r (R -r)

v X (X'X) 1R[ } (R r) 2/33[ (X X)*IR'}_l(RB—r)

= lyx (X)) 2B | R [R(xX) T R] (RB-7)
+ (RB—T) [R (X’X)*R]_1 (RB r)
= (Rﬁ_r)l [R(X’X)AR}_1 (RE r) since 3" = ¢y’ X (X X)71

In sum,

Now, from (14),(21) and (23);

W=5"2 (RB— r), [R (x'x)"" R’} o (RB - r) - n(_Ai2

LM =52 (RB )' [R (x'x)"" R’} o (R

@)
|
=
~
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For completeness, we rewrite the LR statistic;

~2
LR =nlog %
o



Recall the F' — statistic;

(@e—ee) /g ee—ee(n—k) =£—ZE(n—k)

— _ —n___n
e'e/(n—k) e'e q ge q

o2 —06%(n—k)

=— p

From (24) and (27), we have;

1 — F
S ) BN |
n q (n—k)
From (25), (27), and (28), we have;
52 52 qn n
a2 2 (n—k) 1+ (n}k)
q

From (26) and (27), we have;

(14 :25) F
LR =nlog + :nlog(l—i—h)
& _

since 62 = (1 + Tf—fk) 62 from (27). Let ~Z~ = A. Then,

(n—k) —
W =nA, LR=nlog(1+ A), LM:n1+A
Note that A
— <log(1+A4)< A
Trasled+A)s
We have
LM< LR<W

Moreover, as n — 00,

W — qF from (28)
LM — qF from (29)
LR — gF

since

. . qF \" . gF \"
lim LR = lim log 1+ —7) = log lim |1+ —7) = log [exp (¢F)] = ¢F
n— _

n—00 n—00 n—00

(28)

(29)

(30)



