Econ 620

Inferences in Multiple Regression Model

e In a classical multiple regression model, we have k regressors and the inference on individual regressor
or a combination of regressors can be done in usual way through t—test. However, it might be also
required to test the joint significance of more than one regressors. One example is;

Hy; 80 =0AB3=0AB5=0 Ho; 2 #0V 33 #0V 35 #0

It is obvious that it is impossible to test the hypothesis given above using t—test. How can we solve
the problem? The answer lies in F-test - It will be shown that the t—test procedure can be included

in this more general test procedure.

e Consider the set of linear hypotheses on the elements of 5 denoted as

R ([ = r
(axk)(kx1)  (gx1)

where ¢ is the number of linearly independent hypotheses with g < k.

Ezxamples;
(i)3j=0=R=[0 --- 0 1 0 --- 0] andr=0stest of validity of one regressor
(1) 1+262—pPs=1= R = [ 12 -10 --- 0 ] and r = 1;test of validity of linear combination
of regressors
0o 10 00O --- 0
(iii) Bo=0,83=1,84+Bs=0=R| 0 0 1 0 0 0 -+ 0
0o 00110 ---0

e Now, consider the testing procedure;
Ho;RB =1 Ha;RB #r

The starting point is the distribution of least squares estimator;

~

5N (5.0t (2% )
Then, we have
RA~ N (Rﬁ, 2R (X'X)"" R’)
It is easy to prove the claim, try it. Therefore,
RG—RB~N (o, 2R (X'X)"} R')
Under the null hypothesis, R3 = r;
Ri—r~N (o, 2R (X' X)) R’)

Recall the fact that

(RB— r)' [UQR (X'x)"" R’] o (RB— r) ~ X2 (q)

since p (R (X'X )71 R’ ) = ¢q. However, the formula is not readily usable since it is involved in a unknown

quantity, o2. How can we get rid of 02 so that we have a computable test statistic? Remember that

= — ~x*(N-k
3 X )



Then, consider the following quantity;
[(RE - r)/ [UQR (xX'x)"" R’} o (RB - r)] /q
[55] /(N = k)
[(RB - r)' [R(x'X)" R - (rB- r)} /q

e'e/ (N — k)
[(RE — 7“)/ [R (xX'x)"! R’} o (Rﬁ — 7“)} /q
) (RE— 7")/ {523 (X'X)"" R’] o (RE— r)
q

The quantity is a ratio of two x? random variables with each divided by degrees of freedom. It is

exactly the definition of F' distribution provided that the two random variables are independent. You

can show they are actually independent as in lecture note. The degrees of freedom for F' distribution

is given by (¢, N — k) — F distribution requires two kinds of degrees of freedom. In sum,

(Rﬁfr)'[s2R(X’X)7lR’} _1(R577’)
q

(¢) Compute F' = ~ F(q,N—k)

(74) Find the critical value for a given significance level from the table.
(7it) Reject the null hypothesis if F is larger than the critical value.

One thing to remember in the procedure is that the critical value is determined by
Fa ((J7 N — k)

where « is the given significance level. For example, if & = 0.95 (95%), You have to find a value x such
that
P[F(¢,N—Fk)<z]=0.95

This is different from ¢—test. The critical value in t—test is defined as, in case a = 0.95 (95%) ,
PJt(N —k) <] = 0.975

Why do we have difference? You can find the answer from the formula for F' statistic. The first
thing to notice is that F' statistic is always positive since it is the ratio of two positive quantities.
See the first line of the definition and note that (X’X) ™" is positive definite. In t—test, we had both
positive and negative test statistic. Using symmetry of ¢ distribution, we took the absolute value and
paid our attention only to positive part. What is going on with F' test is that the formula for F' test
itself has already taken care of the procedure so that we have only positive test statistics. Negative
part is squared and the probability of the negative part is added to positive part of the probability
distribution.

Now, we want to derive a special form of F' statistic when we have a specific form of null hypothesis;

(a)
Ho; 3; =0 Ha; 85 #0

Then,Rz[O -~ 01 0 .- O}andrzo.Therefore,
5]
) O
(Rﬂ—r):[o- 01 0 o) B |-0=5
Bj+1
[ B ]




And

0
SR(X'X) 'R =s2[0 --- 010 --- 0](xx)" (1) =52 (X'X);;

0
where (X'X) " is the (j, j) element of the matrix (X'X)™". What is 52 (X'X);'? It is the estimate

of variance for @ denoted as Egj. Finally, we have ¢ = 1. Then, the test statistic becomes;
~ ’ -1 ~
(Rﬂ - r) {SQR (xX'x)"! R’} (Rﬂ - r)
q

AR laj_o

1 5;23], 0g,

=

2
~F(1,N —k)

What is the quantity inside the bracket? Yes! It is the square of ¢ statistic for the hypothesis that
Hoy; 85 =0 Ha; 85 #0
Our heuristic argument that F' distribution is a kind of squared distribution is verified in this case.
(b) Validity of subset of regression coefficient
Another common form of hypothesis is given by;
Ho;pr=02=---=03,=0

where ¢ < k. The indexation of the parameters is arbitrary in that the order of regressors does not
matter in the regression. We have

! 0 0 O --- 0 0 g} 8
0 1 0 0 0 0 ”2' 0
5 0 0 1 0O --- 0 0 -
(Rﬁ—r): /ﬁq -
o 0 0 0 --- 1 0 Ba+1 8
| 0 0 0 0o .- 1 e 0
L B | L |
0
B2
B(/]\—l
Bq

And,
R(X'X) 'R = [(X’X)*Lq

where [(X’X)fl] is the upper left (¢ x ¢) block of (X’X) ™" . What is the expression for [(X’X)fl]
q

aq
? Form the formula for inverse of a partitioned matrix;

X/ X X! X
X/X e a4 q q
[ Xllc—qX(I X]/c_qu—q :|
-1 -1
(X/X)fl — <X(,1Xq — X(,IXk—q (X,lchXk_q) Xllchq)



where X, is (N X ¢) matrix corresponding to (1,02, - -Gy and X,_4 is (N x (k — ¢)) matrix corre-
sponding to Bgt1,Bg+2, - - -Bk. Then,

—1

[(X’X)”Lq = (X3 X0 = X} X0q (X Xig) XL, X,)
= [0 [T = Ko (X Xumg) ™ Xy | X B
1

= [X;Mk—qXQ]

Therefore, the test statistic is given by;

) [(RB— r)' [R (X'x)"" R’] o (RB— 7“)} /q

= e'e/ (N — k)
A
R R R B2
[ B B B By | [XMeoX )| oo | b /a
62\71
_ Ba
B e'e/ (N — k)
Bq/ [X{]MquXq} B\q/q
e/e/ (N _ k) (q) )
where Bq = [ [?1 52 cee Bq,l ﬁq } . Now, consider the original regression in partitioned form:;
Yy= quq + inqgqu +e
~ Y ~ ~ ~ !
where 3¢9 = [ Bg+1 Bgr2 -+ Bi—1 Bk } and e is again the residual vector. Multiply both sides

by Mj_q, we have
Mgy = My—g Xo3" + My X g "7 + Mi_ge
= My o X, 0" +e
since
My Xiq = (I — Xpg (X} Xig) X;H) Xjq=0
M_ge = (I — X g (X Xng) X,;_q) e
== Xpoq (X} Xig) Xj_je=c
Xq
Xk g

Note that X'e = [ } e = 0 implies that X,’que = 0. Then,

N / ~

(Mk—qy)/ (My—qy) = y'My—qy = (Mk—quﬁq + e) (Mk—quﬁq + e)
= BV XM, _ Mg X" + B X, Mj,_ e + ' My_q XoB7 + €'e
= BYXI My My_gX 39+ BV Xle + €' X, 07+ ¢'e
= BV X My_gXoB7 + €'e

since M, is symmetric and idempotent and M]__e = e. Then,
q k—q
Eq’XéMk,qugq =y My_qy —€'e

’
=e*e*—¢e



where e* is the residual vector from the regression of y on Xj_, since

Z/Mquy = (Mquy)/ (Mquy) = e*/e*

Note that M is also called the residual generating matrix. Back to the F' statistic;

The test procedure is involved in running two regressions;
(¢) regress y on X and get the residual sum of squares, e’e
(i) regress y on Xj,—q—variables not restricted under the null hypothesis- and get the residual sum of
squares, e* e*
(#31) Form the F statistic and compare it with the critical value
(¢) Validity of the regression
Hoy;o=03="---=p=0

This is a special case of the above presentation. The null hypothesis claims that every slope coefficient
is jointly not different from zero. Now, let’s apply the result given above;

_ BYIXIAX B (k- 1)

/ e'e/ (N — k)

~F(k—1,N—k)

whereﬁ*:[@ By - gk} X.=[ Xy X3 --- X;]and

A=T—-1(11)""1

Can you figure out why it is the case? Basically, M}_, in this case is nothing but the projection onto
space orthogonal to space spanned by the column corresponding to the constant term, which is given
by A. Then, what is the numerator in the F' statistic? Yes, it is the explained sum of squares from the
regression. N R

y=A1+X.06" te

Hence, R N
Ay = AX, 3"+ Ae = AX, 3" +e

since the mean of e is always zero - remember that A transforms a variable in mean deviation form.
Then,

- / ~
(Ay) (Ay) = y/ Ay = (AX.B" +¢) (AXF" +e)
= E*’X,’FA'AX*E* + B*,X,,FAIG + e’AX*E* +ee
=B"X'AX. B+ €e

since A is symmetric and idempotent and A’e = 0. 3y’ Ay = Eivzl (yi — y)2 is the definition of the total
sum of squares and e’e is the definition of the residual sum of squares. Hence,

 ESS/(k-1) (N -k ESS (N —k)£58
" RSS/(N—k) (k—1)RSS  (k—1) ESS
(N—k) £32 (N—Fk) R?

Co(k—1) IS5ESS T (k—1) 1 - R?

f




Partitioned Regression
e Consider the classical multiple regression model

y=XB+e
E(e) =0,E (') = 0*I

If we partition X and 3 conformably to get
y=X101+XoP2 +¢
where X7 is (N x I) matrix and Xo is (N x (k — 1)) matrix with | < k.

e Define
My =1-X(X\X)) ' x|

and consider the regression
Myy = M X202 + €

e We claim that the least squares estimator for (o in two regressions are identical. For the second
regression, the least square estimator is given by

~ -1
By = [(M1X2) (M1 Xo)]  [(M1Xo)' (Muy)]
= (X5M1X5) " (X§Myy)
since M; is symmetric and idempotent. For the first regression,
5 G| _[XiX: X{Xo ] [ Xy
B2 X5X1 X3Xo Xy

Therefore, from the formula for the inverse of a partitioned matrix;

~ 1
By = — (XgXQ ~ XX (X)) X{X2> XX, (XIX1) 7 X1y

+ (XﬁXQ — X}X (X(Xp) " X{X2> 1 X3y
= (XéXQ ~ X)X (X[ X)) X{Xz)il (Xéy — X5X0 (X(X0) ™ X{?J)
= [Xé (I - X1 (X{X1) ™ X{) Xz} - [Xé (I = Xy (X{x) X{) y}
= [XeMiXo] " (X May] =
What about the variance matrix, then? For the first regression,
Var (B) = 0* (X5M1 X2) ™!

For the second regression, it is given by

Var (52) = o2 [(X’X)*l}

22

where [(X’X)_l} ”s is the lower right block of (X’X)_1 which is given by

-1
(ng2 ~ XX (X X)) T X{XQ) = (X4MyX5) "

We have identical results from two different regressions.



e Then, what does the second regression really mean? The dependent variable is M;y. This is the residual
vector from the regression
Yy = X15 + €

since

ey =y—X10=y— X1 (X|X)) " Xly=|I-X: (X X1) " X|| y = Myy

The independent variables are M; X5 whose dimension is (N x (k —1)). The A" column of My Xo,
h=1,2,---, (k—1), is the residual vector from the regression

XM =Xy +e
since 4 ' 4
el = X" — Xy (XXy) T XX = My X
where X'+ is the (I + j)* column of X. Therefore, the regression

My = M2+ ¢

is equivalent to the following procedure;
(1) regress y on X; and get the residual vector e,

(i) regress each column of X5 on X; and get the residual vectors to form the matrix of the residual
vectors - this stage is involved in (k — [) separate regressions

(#4i) regress e, on the residuals calculated in (i) . The estimate we get from the exercise is the least
squares estimate of (s.

e It is a good exercise to verify that
y=X101+Xof2+e¢ (1)

and
Moy = Mx X161 +¢ (2)

gives us identical least squares estimator of ;.

e Multiplying both sides of (1) by Mz to obtain (2) —remember M>Xs; = 0— has quite an interesting
geometric implication.



