Three Classical Tests; Wald, LM(Score), and LR tests

Suppose that we have the density §%y;Sb of amodel with the null hypothesis of the form Hy;S = S,. Let LYSp bethe
log-likelihood function of the model and S be the MLE of S.

Wald test ishased on the very intuitive ideathat we are willing to accept the null hypothesis when g iscloseto Sgy. The
distance between g and S isthe basis of constructing the test statistic. On the other hand, consider the following constrained
maximization problem,

maxLySp st.S=S,
S5B

If the constraint is not binding (the null hypothesi istrue), the Lagrangian multiplier associated with the constraint is zero.
We can construct atest measuring how far the Lagrangian multiplier isfrom zero. - LM test. Finaly, another way to check the
validity of null hypothesisisto check the distance between two vaues of maximum likelihood function like
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If the null hypothesis istrue, the above statistic should not be far away from zero, again.

Asymptotic Distributions of the Three Tests
Assume that the observed variables can be partitioned into the endogenous variables X and exogenous variables Y. To

simplify the presentation, we assume that the observations {Y;,X; + arei.i.d. and we can obtain conditiona distribution of
endogenous variables given the exogenous variables asf<y; P x;;S with S 5 B O RP. The conditional density isknown up to
unknown parameter vector S. By i.i.d. assumption, we can write down the log-likelihood function of n observations of {Y;,X; *
s

n

LYSp = =logfiy; P x;;S»

i=1
o Weassumeadl the regularity conditions for existence, consistency and asymptotic normality of MLE and denote MLE as
g‘ The hypotheses of interest are given as

HO.gYSOD =0 HA,gYSOp ®0
where gi6p;R” _ R’ and the rank of 2L isr.

Wald test
Proposition
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where | = EXES % Yand 171 g ¢ istheinverse of | evaluated a S = g,

O From the asymptotic characteristics of MLE, we know that
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Hence, combining (1) and (2) gives
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The statistic in (5) isuseless since it depends on the unknown parameter S,. However, we can consistently approximate the
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Under the null hypothesis, we have gfSob = 0. Therefore
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By forming the quadratic form of the normal random variables, we can conclude that
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termsin inverse bracket by evauating a MLE, g Therefore,

L g [ g §‘ 719.3

YW = ng' iifgn e

a1 e3rp under Ho.

t Anasymptotic test which rejects the null hypothesis with probability one when the alternative hypothesisistrueiscaled a
consistent test. Namely, a consistent test has asymptotic power of 1.

t TheWaldtest we discussed above isaconsistent test. A heuristic argument isthat if the alternatlve hypotheS|s istrue instead
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of the null hypothesis, gx ? G gYsop ® 0. Therefore, g'i ?

constant instead of zero. By multiplying aconstant by n, Y\ _ K asn _ K, whichimpliesthat we always reject the null
hypothesis when the alternative istrue.
t  Another form of the Wald test statistic isgiven by - caution: thisis qwte confusing -

= gvej:.én.}; %Iﬁlggm % gi ? Fiefrp under Hy.
where I, = ExEs{ X //;Y:f = EyEs ’>>|”_ % and 174 §‘ i istheinverseof I, evaluated at S = én. Note
that I, = nl.
t A quite common form of the null hypothesis isthe zero restriction on asubset of parameters, i.e,
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where S, isa { qx 1% subvector of S with as<p. Then, the Wald statistic is given by
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where 1 11YSp isthe upper left block of the inverse information matrix,
1ySp = 112YSp 11,¥Sp
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then, 1 11ySp = I 11YSh ? 1 35¥Spl Z%YSD ! by the formulafor partitioned inverse. 1 *{ g is 1 1YSp evaluated at MLE.

LM test (Score test)

If we have apriori reason or evidence to believe that the parameter vector satisfies some restrictions in the form of
gYSp = 0, incorporating the information into the maximization of the likelihood function through constrained optimization will
improve the efficiency of estimator compared to MLE from unconstrained maximization. We solve the following problem;

maxLySp stgiSp=0
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where S ,, isthe solution of constrained maximization problem called constrained MLE and V isthe vector of Lagrange multiplier.
The LM test isbhased on the ideathat properly scaled V has an asymptotically normal distribution.
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Notethat g{ S, : = 0from (7) and substracting (9) from (8), we have
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On the other hand, taking first order Tgylor series expansions of {1% terms,
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Note that (18) and (19) are usel essaga nce they depend on the unknown parameter value S,. We can evaluate the terms
involved in S at the constrained MLE, S, to ggausablestatglc
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approximation, the LM test statistic becomes
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Thisisquite an interesting result since the computation of LM statistic isnothing but an OL S regression. Weregress 1 on the
scores evaluated a constrained MLE and compute uncentered R? and then multiply it with the number of observations to
get LM statistic. One thing to be cautious isthat most software will automatically try to print out centered R?, which is
impossible in this case since the denominator of centered R? issimply zero.

LM test isalso an asymptotically consistent test.

From (16) and (18), . .
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Likelihood ratio(LR) test
Proposition
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Taking differences and multiplying by 2, we obtain
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Now, from (13) and (20), we have
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t Calculating LR test statistic requires two maximizations of likelihood function one with and the other without constraint.
t LRtestisalsoanasymptotically consistent test.

t Asshown above, Wald, LM and LR test are asymptotically equivaent with e2yrp.
Examples of tests in the linear regression model
Suppose the regression modd such as

yi = K'%; + P;
P iiin{0a?}
The hypotheses are given by
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Then, the unconstrained MLE isgiven by

Information matrix is given by
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The Wald statistic is, from Proposition 1,
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On the other hand, the Lagrange multiplier of the constrained maximizati on problem is
0, = 22 {ROXKE PR L2 RR
" Ey LR ‘

n
Under H,, the distribution of the Lagrange multiplier is
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To obtain LR test statistic, note that
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An interesting result can be obtained using the following inequalities,
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Let x = £ and applying the above inequalitieswe obtain
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