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Solution to Problem set # 7
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a) Let’s figure out the probability limit of 5.

5o YY1y, _ YY1 (Y1 ) _ 54 Y Yiuy
YYE XY XY
By the WLLN, it follows
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Note that we are using WLLN in both, numerator and denominator, so we
should check indeed that WLLN applies in both cases. That is, we should check
that the random variables in question are uncorrelated, among other things. We
are not going to do it, but try it. Note that the independence assumption here
is crucial, since just e; white noise is not enough.

We will use the fact that both Y; and u; are stationary processes (why is Y
stationary?).
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Note that u; is a stationary AR(1) process whose covariance function (see lecture
13 for derivation) is given by




Hence,
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On the other hand;
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(52 E(Y2,) +26E (Yiow1) + E (uf_,)
= Y2 ) +20E (Y ous_1) + F (ut 1) since Y; is stationary
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+20E (Yi—oui—1) + Var (ug—1) since E (ug—1) =0
2
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Therefore, since stationarity of Y; implies E (Yi—ou;—1) = E (Y;—1us) and
E (Y2,) = E(Y?2,), we have
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Then,
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Hence,
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By a proper version of WLLN (make sure that you understand why WLLN
applies here again), we have

plim S VY = E(VYi)
plim SV = B(VY)
plim SOV2, = B (V2))

plim Y ViV = E(Yi 1Y)

Let’s do the following calculation, that will come up later on:

E (Yi—ouy) E(0Yi—3 + us—2) us) = 0F (Yi—sus) + B (ur—2uy)

= §°F [Y;5_4Ut] +0F (’U,t_3’u,t) + F (ut_gut)
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= pE(Yi—j1uy) using our previous calculation




Now,

E (Yf,l) = - p;)f%l — 5 1 i_ gz from our previous calculation;
E(YYi—1) = E((6Yie1+w)Y,1) =0E (Y2,) + E(wY;-1)
) _ -
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E(YYi—2) = FE[(6Yi-1+ut)Yio] =0E (Yi-1Yi2) + E (wYi-2)
= O0FE (Y1Yio1) + E (u4Y;—2) by the stationarity of Y;
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E (Y;—1Yi—2) = E(Y:Y;—1) Dby the stationarity of ¥;

Collecting all probability limits, we have
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Therefore,
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By observing that plim p = p implies 6 = 1, which violates the assump-
tion of the exercise, we show that p is inconsistent.
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For the Durbin-Watson statistic;
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Therefore,

2)

plimd = 2 —2plimp
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a) This is process is covariance stationary:

C’ov(yt, yt—j)

E(y:) = FElz1cos(ct) + z2sin(ct)]
E(z1) cos(ct) + E(z2) sin(ct)
= 0 W

E(yiyi—;) because E(y) =0 V¢

E{[z1 cos(ct) + z2sin(ct)][z1 cos(ct — ¢j) + 2z sin(ct — ¢j)]}

E{[z1 cos(ct) + z2sin(ct)]

[21(cos(ct) cos(cj) + sin(ct) sin(cj)) + z2(sin(ct) cos(cj) — cos(ct) sin(cj))]}
o?{cos(ct)[cos(ct) cos(cj) + sin(ct) sin(cj)] +

+ sin(ct)[sin(ct) cos(cj) — cos(ct) sin(cj)]} by independence of the z’s
o?{cos(ct) cos(ct) cos(cj) + sin(ct) sin(ct) cos(cj)}

o? cos(cj)

b) This process is also covariance stationary.

E(y:) = E(zt2t—1) =E(z)E(z—1) =0 ¥Vt

Cov(ys, yi—j) = E(yyi—;) because E(y,) =0 Vt

= E{lzzi-llzi—j2-j-1]}
= o' ifj=0
— 0 ifj#£0

¢) This process is not covariance stationary.

E(y:) = E[zicos(ct) + zi—1sin(ct)]
E(zt) cos(ct) + E(z¢—1) sin(ct)
= 0 W



C’ov(yt, yt—j)

E(yiyi—;) because E(y;) =
E{[ztcos(ct) + zt—1 sin(ct)][zt —j cos(ct —¢j) + zi—j—1sin(ct — cj)]}
E{[z¢ cos(ct) + z¢—1 sin(ct)]
[2t—j(cos(ct) cos(cj) + sin(ct) sin(cj)) + ze—j—1 (sin(ct) cos(cj) — cos(ct) sin(cj))]
o2 if j=0

o? sin(ct)[cos(ct) cos(c) + sin(ct) sin(c)] = o*sin(ct) cos(c(t — 1)) if j=1
0 it > 2

This process is not covariance stationary because when j=1, Cov(y:, yi—;)

(2k+1)

depends on t unless ¢ =0 (or, more generally, unless c = 7k or c= -—5-m,

with k integer).



