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1)
a) Let’s figure out the probability limit of δ̂.

δ̂ =
∑

Yt−1Yt∑
Y 2

t−1

=
∑

Yt−1 (δYt−1 + ut)∑
Y 2

t−1

= δ +
∑

Yt−1ut∑
Y 2

t−1

By the WLLN, it follows

plimδ̂ = δ +
plim 1

T

∑
Yt−1ut

plim 1
T

∑
Y 2

t−1

= δ +
E (Yt−1ut)
E

(
Y 2

t−1

)
Note that we are using WLLN in both, numerator and denominator, so we

should check indeed that WLLN applies in both cases. That is, we should check
that the random variables in question are uncorrelated, among other things. We
are not going to do it, but try it. Note that the independence assumption here
is crucial, since just εt white noise is not enough.

We will use the fact that both Yt and ut are stationary processes (why is Yt

stationary?).

E (Yt−1ut) = E [(δYt−2 + ut−1) ut] = δE (Yt−2ut) + E (ut−1ut)
= δE [(δYt−3 + ut−2) ut] + E (ut−1ut)
= δ2E [Yt−3ut] + δE (ut−2ut) + E (ut−1ut)
= δ3E [Yt−4ut] + δ2E (ut−3ut) + δE (ut−2ut) + E (ut−1ut)

=
∞∑

j=0

δjE (ut−j−1ut)

Note that ut is a stationary AR(1) process whose covariance function (see lecture
13 for derivation) is given by

E (ut−j−1ut) = σ2
ε

ρj+1

1 − ρ2
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Hence,

E (Yt−1ut) =
∞∑

j=0

δjσ2
ε

ρj+1

1 − ρ2
=

ρσ2
ε

1 − ρ2

∞∑
j=0

(δρ)j =
ρσ2

ε

1 − ρ2

1
1 − δρ

On the other hand;

E
(
Y 2

t−1

)
= E

(
δ2Y 2

t−2 + 2δYt−2ut−1 + u2
t−1

)
= δ2E

(
Y 2

t−2

)
+ 2δE (Yt−2ut−1) + E

(
u2

t−1

)
= δ2E

(
Y 2

t−1

)
+ 2δE (Yt−2ut−1) + E

(
u2

t−1

)
since Yt is stationary

= δ2E
(
Y 2

t−1

)
+ 2δE (Yt−2ut−1) + V ar (ut−1) since E (ut−1) = 0

= δ2E
(
Y 2

t−1

)
+ 2δE (Yt−2ut−1) +

σ2
ε

1 − ρ2
since ut is an AR(1)

Therefore, since stationarity of Yt implies E (Yt−2ut−1) = E (Yt−1ut) and
E

(
Y 2

t−1

)
= E

(
Y 2

t−2

)
, we have

(
1 − δ2

)
E

(
Y 2

t−1

)
= 2δ

σ2
ερ

1 − ρ2

1
1 − δρ

+
σ2

ε

1 − ρ2

=
σ2

ε

1 − ρ2

[
1 +

2δρ

1 − δρ

]
E

(
Y 2

t−1

)
=

σ2
ε

(1 − ρ2) (1 − δ2)

[
1 +

2δρ

1 − δρ

]
=

σ2
ε

(1 − ρ2) (1 − δ2)

[
1 − δρ

1 − δρ
+

2δρ

1 − δρ

]
=

σ2
ε

(1 − ρ2) (1 − δ2)

[
1 + δρ

1 − δρ

]
Then,

plimδ̂ = δ +
ρσ2

ε

1−ρ2
1

1−δρ

σ2
ε

(1−ρ2)(1−δ2)

[
1+δρ
1−δρ

]
= δ +

ρ
(
1 − δ2

)
(1 + δρ)

�= δ unless ρ = 0

b)

ρ̂ =
∑

ûtût−1∑
û2

t−1
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Hence,

plimρ̂ =
plim 1

T

∑
ûtût−1

plim 1
T

∑
û2

t−1

=
plim 1

T

∑
ûtût−1

plim 1
T

∑
û2

t

Since

plim
1
T

∑
û2

t = plim
1
T

∑ (
Yt − δ̂Yt−1

)2

= plim
1
T

∑
Y 2

t − 2plimδ̂plim
1
T

∑
YtYt−1 + plimδ̂2plim

1
T

∑
Y 2

t−1

and

plim
1
T

∑
ûtût−1 = plim

1
T

∑ (
Yt − δ̂Yt−1

) (
Yt−1 − δ̂Yt−2

)
= plim

1
T

∑
YtYt−1 − plimδ̂plim

1
T

∑
YtYt−2

−plimδ̂plim
1
T

∑
Y 2

t−1 + plimδ̂2plim
1
T

∑
Yt−1Yt−2

By a proper version of WLLN (make sure that you understand why WLLN
applies here again), we have

plim
1
T

∑
YtYt−1 = E (YtYt−1)

plim
1
T

∑
YtYt−2 = E (YtYt−2)

plim
1
T

∑
Y 2

t−1 = E
(
Y 2

t−1

)
plim

1
T

∑
Yt−1Yt−2 = E (Yt−1Yt−2)

Let’s do the following calculation, that will come up later on:

E (Yt−2ut) = E [(δYt−3 + ut−2)ut] = δE (Yt−3ut) + E (ut−2ut)
= δ2E [Yt−4ut] + δE (ut−3ut) + E (ut−2ut)

=
∞∑

j=0

δjE (ut−j−2ut) =
∞∑

j=0

δjσ2
ε

ρj+2

1 − ρ2

=
σ2

ερ2

1 − ρ2

∞∑
j=0

δjρj =
σ2

ερ2

1 − ρ2

1
1 − δρ

= ρE (Yt−1ut) using our previous calculation
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Now,

E
(
Y 2

t−1

)
=

σ2
ε

(1 − ρ2) (1 − δ2)

[
1 + δρ

1 − δρ

]
from our previous calculation;

E (YtYt−1) = E ((δYt−1 + ut)Yt−1) = δE
(
Y 2

t−1

)
+ E (utYt−1)

=
δσ2

ε

(1 − ρ2) (1 − δ2)

[
1 + δρ

1 − δρ

]
+ E (utYt−1)

=
δσ2

ε

(1 − ρ2) (1 − δ2)

[
1 + δρ

1 − δρ

]
+

ρσ2
ε

1 − ρ2

1
1 − δρ

=
σ2

ε(δ + ρ)
(1 − ρ2) (1 − δ2) (1 − δρ)

;

E (YtYt−2) = E [(δYt−1 + ut)Yt−2] = δE (Yt−1Yt−2) + E (utYt−2)
= δE (YtYt−1) + E (utYt−2) by the stationarity of Yt

= δ
σ2

ε(δ + ρ)
(1 − ρ2) (1 − δ2) (1 − δρ)

+
σ2

ερ2

1 − ρ2

1
1 − δρ

= σ2
ε

δ(δ + ρ) + ρ2
(
1 − δ2

)
(1 − ρ2) (1 − δ2) (1 − δρ)

= σ2
ε

ρ2 + δ2 + δρ − ρ2δ2

(1 − ρ2) (1 − δ2) (1 − δρ)
;

E (Yt−1Yt−2) = E (YtYt−1) by the stationarity of Yt

Collecting all probability limits, we have

plim
1
T

∑
û2

t = E
(
Y 2

t

) − 2plimδ̂E (YtYt−1) + plimδ̂2E
(
Y 2

t−1

)
=

(
1 + plimδ̂2

)
E

(
Y 2

t

) − 2plimδ̂E (YtYt−1)

and

plim
1
T

∑
ûtût−1 = E (YtYt−1) − plimδ̂E (YtYt−2) − plimδ̂E

(
Y 2

t−1

)
+ plimδ̂2E (Yt−1Yt−2)

= E (YtYt−1) − plimδ̂E (YtYt−2) − plimδ̂E
(
Y 2

t−1

)
+ plimδ̂2E (YtYt−1)

=
[
1 + plimδ̂2

]
E (YtYt−1) − plimδ̂

[
E (YtYt−2) + E

(
Y 2

t−1

)]
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Therefore,

plim ρ̂ =
plim 1

T

∑
ûtût−1

plim 1
T

∑
û2

t

=

[
1 + plimδ̂2

]
E (YtYt−1) − plimδ̂

[
E (YtYt−2) + E

(
Y 2

t−1

)](
1 + plimδ̂2

)
E (Y 2

t ) − 2plimδ̂E (YtYt−1)

=

[
1 +

(
δ +

ρ(1−δ2)
(1+δρ)

)2
]

E (YtYt−1) −
(

δ +
ρ(1−δ2)
(1+δρ)

)
.
[

σ2
ε(ρ2+δ2+δρ−ρ2δ2)

(1−ρ2)(1−δ2)(1−δρ) + σ2
ε

(1−ρ2)(1−δ2)

[
1+δρ
1−δρ

]]
[
1 +

(
δ + ρ(1−δ2)

(1+δρ)

)2
]

σ2
ε

(1−ρ2)(1−δ2)

[
1+δρ
1−δρ

]
− 2

(
δ + ρ(1−δ2)

(1+δρ)

)
E (YtYt−1)

=

[
1 +

(
δ+ρ
1+δρ

)2
]

σ2
ε(δ+ρ)

(1−ρ2)(1−δ2)(1−δρ) − δ+ρ
1+δρ

σ2
ε(1+2δρ+ρ2+δ2−δ2ρ2)
(1−ρ2)(1−δ2)(1−δρ)[

1 +
(

δ+ρ
1+δρ

)2
]

σ2
ε(1+δρ)

(1−ρ2)(1−δ2)(1−δρ) − 2 δ+ρ
1+δρ

σ2
ε(δ+ρ)

(1−ρ2)(1−δ2)(1−δρ)

=

[
1 +

(
δ+ρ
1+δρ

)2
]

(δ + ρ) − δ+ρ
1+δρ (1 + 2δρ + ρ2 + δ2 − δ2ρ2)[

1 +
(

δ+ρ
1+δρ

)2
]

(1 + δρ) − 2 δ+ρ
1+δρ (δ + ρ)

=

[
(1+δρ)2+(δ+ρ)2

(1+δρ)2

]
(δ + ρ) − δ+ρ

(1+δρ)2 (1 + δρ)(1 + 2δρ + ρ2 + δ2 − δ2ρ2)[
(1+δρ)2+(δ+ρ)2

(1+δρ)2

]
(1 + δρ) − 2 δ+ρ

(1+δρ)2 (δ + ρ)(1 + δρ)

=
(δ + ρ){[(1 + δρ)2 + (δ + ρ)2

] − (1 + δρ)(1 + 2δρ + ρ2 + δ2 − δ2ρ2)}
(1 + δρ){[(1 + δρ)2 + (δ + ρ)2] − 2(δ + ρ)2}

=
(δ + ρ)
(1 + δρ)

{[(1 + δρ)2 + (δ + ρ)2
] − (1 + δρ)(1 + 2δρ + ρ2 + δ2 − δ2ρ2)}

(1 + δρ)2 − (δ + ρ)2

=
δρ(δ + ρ)
1 + δρ

By observing that plim ρ̂ = ρ implies δ = ±1, which violates the assump-
tion of the exercise, we show that ρ̂ is inconsistent.

c)

For the Durbin-Watson statistic;

d =
∑

(ût − ût−1)
2∑

û2
t

=
∑

û2
t − 2

∑
ûtût−1 +

∑
û2

t−1∑
û2

t

= 2 − 2
∑

ûtût−1∑
û2

t

= 2 − 2ρ̂ for large enough T
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Therefore,

plimd = 2 − 2plimρ̂

= 2
(

1 − δρ(δ + ρ)
1 + δρ

)

2)

a) This is process is covariance stationary:

E(yt) = E[z1 cos(ct) + z2 sin(ct)]
= E(z1) cos(ct) + E(z2) sin(ct)
= 0 ∀t

Cov(yt, yt−j) = E(ytyt−j) because E(yt) = 0 ∀t

= E{[z1 cos(ct) + z2 sin(ct)][z1 cos(ct − cj) + z2 sin(ct − cj)]}
= E{[z1 cos(ct) + z2 sin(ct)]

[z1(cos(ct) cos(cj) + sin(ct) sin(cj)) + z2(sin(ct) cos(cj) − cos(ct) sin(cj))]}
= σ2{cos(ct)[cos(ct) cos(cj) + sin(ct) sin(cj)] +

+ sin(ct)[sin(ct) cos(cj) − cos(ct) sin(cj)]} by independence of the z’s
= σ2{cos(ct) cos(ct) cos(cj) + sin(ct) sin(ct) cos(cj)}
= σ2 cos(cj)

b) This process is also covariance stationary.

E(yt) = E(ztzt−1) =E(zt)E(zt−1) = 0 ∀t

Cov(yt, yt−j) = E(ytyt−j) because E(yt) = 0 ∀t

= E{[ztzt−1][zt−jzt−j−1]}
= σ4 if j = 0
= 0 if j �= 0

c) This process is not covariance stationary.

E(yt) = E[zt cos(ct) + zt−1 sin(ct)]
= E(zt) cos(ct) + E(zt−1) sin(ct)
= 0 ∀t
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Cov(yt, yt−j) = E(ytyt−j) because E(yt) = 0 ∀t

= E{[zt cos(ct) + zt−1 sin(ct)][zt−j cos(ct − cj) + zt−j−1 sin(ct − cj)]}
= E{[zt cos(ct) + zt−1 sin(ct)]

[zt−j(cos(ct) cos(cj) + sin(ct) sin(cj)) + zt−j−1(sin(ct) cos(cj) − cos(ct) sin(cj))]}
= σ2 if j = 0
= σ2 sin(ct)[cos(ct) cos(c) + sin(ct) sin(c)] = σ2 sin(ct) cos(c(t − 1)) if j = 1
= 0 if | j |≥ 2

This process is not covariance stationary because when j=1, Cov(yt, yt−j)
depends on t unless c = 0 (or, more generally, unless c = πk or c = (2k+1)

2 π,
with k integer).
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