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Solution to Problem set # 6

1. The log likelihood function is

log L (α, β) =
N∑

i=1

log f (yi | xi; α, β) =
N∑

i=1

{log γi + log [exp (−γiyi)]}

=
N∑

i=1

{log [exp [α + βxi]] − γiyi}

=
N∑

i=1

[(α + βxi) − yi exp (α + βxi)]

Differentiate with respect to α and β;

∂ log L

∂α
=

N∑
i=1

[1 − yi exp (α + βxi)]

∂ log L

∂β
=

N∑
i=1

[xi − xiyi exp (α + βxi)]

Setting the first order conditions equal to zero and solving them will give
us the MLE. - The analytic solution is not available. You have to solve
them numerically-. To get the information matrix,

∂2 log L

∂α2
= −

N∑
i=1

yi exp (α + βxi)

∂2 log L

∂α∂β
= −

N∑
i=1

xiyi exp (α + βxi)

∂2 log L

∂β2
= −

N∑
i=1

x2
i yi exp (α + βxi)
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Assigning minus sign and taking expectations;

E

(
−∂2 log L

∂α2

)
=

N∑
i=1

E (yi) exp (α + βxi)

E

(
−∂2 log L

∂α∂β

)
=

N∑
i=1

E (yi)xi exp (α + βxi)

E

(
∂2 log L

∂β2

)
=

N∑
i=1

E (yi)x2
i exp (α + βxi)

However,

E (y) =
1
γi

=
1

exp (α + βxi)

Then, the information matrix is given by

i (α, β) =

[
N

∑N
i=1 xi∑N

i=1 xi

∑N
i=1 x2

i

]

Therefore, by letting α and β be the ML estimators of α and β respectively,
we have[ √

N (α − α)√
N

(
β − β

) ]
d→ N

⎛⎝[
0
0

]
,

[
1

∑ N
i=1 xi

N∑ N
i=1 xi

N

∑ N
i=1 x2

i

N

]−1
⎞⎠

i.e. [
α

β

]
a
˜N

⎛⎝[
α
β

]
,

[
N

∑N
i=1 xi∑N

i=1 xi

∑N
i=1 x2

i

]−1
⎞⎠

We also know that
δ

d→ N (δ, q)

where

q =
[

∂δ
∂α

∂δ
∂β

] [
N

∑N
i=1 xi∑N

i=1 xi

∑N
i=1 x2

i

]−1 [ ∂δ
∂α
∂δ
∂β

]

=
[

exp (β) α exp (β)
]
N

[
N

∑N
i=1 xi∑N

i=1 xi

∑N
i=1 x2

i

]−1 [
exp (β)

α exp (β)

]
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2.

(a)
β̂OLS = (X ′X)−1

X ′y = β + (X ′X)−1
X ′ε

and
E

(
β̂OLS

)
= β

Hence,

V ar
(
β̂OLS

)
= E

[(
β̂OLS − E

(
β̂OLS

))(
β̂OLS − E

(
β̂OLS

))′]
= E

[
(X ′X)−1

X ′εε′X (X ′X)−1
]

= σ2 (X ′X)−1
X ′ΩX (X ′X)−1

On the other hand,

β̂GLS =
(
X ′Ω−1X

)−1
X ′Ω−1y = β +

(
X ′Ω−1X

)−1
X ′Ω−1ε

and
E

(
β̂GLS

)
= β

Therefore,

V ar
(
β̂GLS

)
= E

[(
β̂GLS − E

(
β̂GLS

))(
β̂GLS − E

(
β̂GLS

))′]
= E

[(
X ′Ω−1X

)−1
X ′Ω−1εε′Ω−1X

(
X ′Ω−1X

)−1
]

= σ2
(
X ′Ω−1X

)−1

(b) First of all,

e = y − Xβ̂OLS =
[
I − X (X ′X)−1

X ′
]
y = My = Mε

Then,
E (e) = ME (ε) = 0

Hence,

V ar (e) = E
[
(e − E (e)) (e − E (e))′

]
= E [ee′] = E [Mεε′M ] = σ2MΩM

= σ2
[
I − X (X ′X)−1

X ′
]
Ω

[
I − X (X ′X)−1

X ′
]

= σ2

[
Ω − ΩX (X ′X)−1 X ′ − X (X ′X)−1 X ′Ω

+X (X ′X)−1
X ′ΩX (X ′X)−1

X ′

]
(c) By the same method,

ẽ = y − Xβ̂GLS =
[
I − X

(
X ′Ω−1X

)−1
X ′Ω−1

]
y = MΩy = MΩε

since
MΩy = MΩ (Xβ + ε) = MΩXβ + MΩε = MΩε
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then,
E (ẽ) = MΩE (ε) = 0

Therefore,

V ar (ẽ) = E
[
(ẽ − E (ẽ)) (ẽ − E (ẽ))′

]
= E [ẽẽ′] = E [MΩεε′M ′

Ω]

= σ2MΩΩM ′
Ω

= σ2
[
I − X

(
X ′Ω−1X

)−1
X ′Ω−1

]
Ω

[
I − X

(
X ′Ω−1X

)−1
X ′Ω−1

]′
= σ2

[
Ω − ΩΩ−1X

(
X ′Ω−1X

)−1
X ′ − X

(
X ′Ω−1X

)−1
X ′Ω−1Ω

+X
(
X ′Ω−1X

)−1
X ′Ω−1ΩΩ−1X

(
X ′Ω−1X

)−1
X ′

]
= σ2

[
Ω − X

(
X ′Ω−1X

)−1
X ′ − X

(
X ′Ω−1X

)−1
X ′ + X

(
X ′Ω−1X

)−1
X ′

]
= σ2

[
Ω − X

(
X ′Ω−1X

)−1
X ′

]
= σ2

[
I − X

(
X ′Ω−1X

)−1
X ′Ω−1

]
Ω = σ2MΩΩ

(d) Note that
E (e) = 0 and E (ẽ) = 0

Then,

Cov (e, ẽ) = E
[
(e − E (e)) (ẽ − E (ẽ))′

]
= E [eẽ′] = E [Mεε′M ′

Ω]

= σ2MΩM ′
Ω = σ2

[
I − X (X ′X)−1

X ′
]
Ω

[
I − X

(
X ′Ω−1X

)−1
X ′Ω−1

]′
= σ2

[
Ω − ΩΩ−1X

(
X ′Ω−1X

)−1
X ′ − X (X ′X)−1

X ′Ω
+X (X ′X)−1

X ′ΩΩ−1X
(
X ′Ω−1X

)−1
X ′

]
= σ2

[
Ω − X

(
X ′Ω−1X

)−1
X ′ − X (X ′X)−1

X ′Ω + X
(
X ′Ω−1X

)−1
X ′

]
= σ2

[
Ω − X (X ′X)−1

X ′Ω
]

= σ2MΩ

4



3. The model is specified as

Yt = δYt−1 + ut |δ| < 1 (*)

ut = εt + αεt−1 with ε ∼ N
(
0, σ2

ε

)
(**)

(a) The parameter δ is estimated by δ̂ =
∑

YtYt−1∑
Y 2

t−1
. Hence,

δ̂ =
∑

Yt−1 (δYt−1 + ut )∑
Y 2

t−1

= δ +
∑

Yt−1ut∑
Y 2

t−1

Therefore,

plimδ̂ = δ +
plimT−1

∑
Yt−1ut

plimT−1
∑

Y 2
t−1

If we can find plimT−1
∑

Yt−1ut and plimT−1
∑

Y 2
t−1, we are done. Re-

cursively substituting in (∗) gives

Yt =
∞∑

j=0

δjut−j =
∞∑

j=0

δj (εt−j + αεt−j−1) =
∞∑

j=0

δjεt−j + α

∞∑
j=0

δjεt−j−1

Therefore, we have

Yt−1 =
∞∑

j=0

δjεt−1−j − α

∞∑
j=0

δjεt−j−2

ut = εt + αεt−1

Multiplying two terms and taking expectation,

E (Yt−1ut) = E

⎡⎣⎛⎝ ∞∑
j=0

δjεt−1−j + α

∞∑
j=0

δjεt−j−2

⎞⎠ (εt + αεt−1)

⎤⎦
= E

[
αε2

t−1

]
= ασ2

ε

On the other hand,

E
(
Y 2

t−1

)
= E

⎡⎣ ∞∑
j=0

δjεt−1−j

⎤⎦2

+ 2αE

⎡⎣ ∞∑
j=0

∞∑
k=0

δjεt−1−jδ
kεt−k−2

⎤⎦ + α2

⎡⎣ ∞∑
j=0

δjεt−j−2

⎤⎦2

=
∞∑

j=0

δ2jE
(
ε2

t−1−j

)
+ 2α

∞∑
k=0

δ2k+1E
(
ε2

t−k−2

)
+ α2

∞∑
j=0

δ2jE
(
ε2

t−2−j

)
= σ2

ε

∞∑
j=0

δ2j + 2ασ2
ε

∞∑
k=0

δ2k+1 + α2σ2
ε

∞∑
j=0

δ2j

= σ2
ε

[
1

1 − δ2
+ 2α

δ

1 − δ2
+ α2 1

1 − δ2

]
=

1 + 2αδ + α2

1 − δ2
σ2

ε
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In sum,

plimδ̂ = δ +
plimn−1

∑
Yt−1ut

plimn−1
∑

Y 2
t−1

= δ +
E (Yt−1ut)
E

(
Y 2

t−1

)
= δ +

ασ2
ε[

1+2αδ+α2

1−δ2

]
σ2

ε

= δ +
α

(
1 − δ2

)
1 + 2αδ + α2

= δ +
1

1+α2 α
(
1 − δ2

)
1

1+α2 (1 + 2αδ + α2)

= δ +
φ

(
1 − δ2

)
1 + α

1+α2 2δ
= δ +

φ
(
1 − δ2

)
1 + 2φδ

Make sure that you understand why WLLN applies. You need to check
that the conditions for WLLN are satisfied.

(b) To find plim 1
T

∑
û2

t ;

1
T

∑
û2

t =
1
T

∑ (
Yt − δ̂Yt−1

)2

=
1
T

∑
Y 2

t −2δ̂
1
T

∑
YtYt−1+δ̂2 1

T

∑
Y 2

t−1

By a proper version of WLLN, we have

plim
1
T

∑
Y 2

t = E
(
Y 2

t

)
plim

1
T

∑
YtYt−1 = E (YtYt−1)

plim
1
T

∑
Y 2

t−1 = E
(
Y 2

t−1

)
On the other hand, we know, from part (a), that

plimδ̂ = δ +
φ

(
1 − δ2

)
1 − 2φδ

≡ δ + α∗

plimδ̂2 =
(
plimδ̂

)2

= (δ + α∗)2

Again, from the recursive solution of Yt,

E
(
Y 2

t

)
= E

⎛⎝ ∞∑
j=0

δjεt−j + α

∞∑
j=0

δjεt−j−1

⎞⎠2

=
∞∑

j=0

δ2jE
(
ε2

t−j

)
+ α2

∞∑
j=0

δ2jE
(
ε2

t−j−1

)
+ 2α

∞∑
j=0

∞∑
k=0

δjδkE (εt−jεt−k−1)

=
∞∑

j=0

δ2jE
(
ε2

t−j

)
+ α2

∞∑
j=0

δ2jE
(
ε2

t−j−1

)
+ 2α

∞∑
k=0

δ2k+1E
(
ε2

t−k−1

)
=

(
1 + α2

)
+ 2αδ

1 − δ2
σ2

ε = E
(
Y 2

t−1

)
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And,

E (YtYt−1) = E

⎡⎣⎛⎝ ∞∑
j=0

δjεt−j + α

∞∑
j=0

δjεt−j−1

⎞⎠⎛⎝ ∞∑
j=0

δjεt−1−j + α

∞∑
j=0

δjεt−j−2

⎞⎠⎤⎦
=

∞∑
j=0

∞∑
k=0

δj+kE (εt−jεt−k−1) + α

∞∑
j=0

∞∑
k=0

δj+kE (εt−jεt−k−2)

+ α

∞∑
j=0

∞∑
k=0

δj+kE
(
ε2

t−j−1

)
+ α2

∞∑
j=0

∞∑
k=0

δj+kE (εt−j−1εt−k−2)

=
∞∑

k=0

δ2k+1E
(
ε2

t−k−1

)
+ α

∞∑
k=0

δ2k+2E
(
ε2

t−k−2

)
+ α

∞∑
k=0

δ2kE
(
ε2

t−k−1

)
+ α2

∞∑
k=0

δ2k+1E (εt−k−

= σ2
ε

[
δ

1 − δ2
+

αδ2

1 − δ2
+

α

1 − δ2
+

δα2

1 − δ2

]
= σ2

ε

(α + δ) (αδ + 1)
1 − δ2

In sum,

plim
1
n

∑
û2

t = E
(
Y 2

t

) − 2
[
plimδ̂

]
[E (YtYt−1)] +

[
plimδ̂2

]
E

(
Y 2

t−1

)
= E

(
Y 2

t

) [
1 +

[
plimδ̂2

]]
− 2

[
plimδ̂

]
[E (YtYt−1)] since E

(
Y 2

t

)
= E

(
Y 2

t−1

)
=

[
1 + α2 + 2αδ

1 − δ2
σ2

ε

] [
1 + (δ + α∗)2

]
− 2 [(δ + α∗)]

[
σ2

ε

(α + δ) (αδ + 1)
1 − δ2

]
=

σ2
ε

1 − δ2

[(
1 + α2 + 2αδ

) (
1 + (δ + α∗)2

)
− 2 (δ + α∗) (α + δ) (αδ + 1)

]
= σ2

ε [1 + α (α − α∗)]

4.
yt =

3L

1 − 0.9L + 0.2L2
xt + ut

(a) Denote A (L) = 3L, B (L) = 1 − 0.9L + 0.2L2 and D (L) = A(L)
B(L) .

Then, the total multiplier = D (1) = A(1)
B(1) = 3

1−0.9+0.2 = 10.

(b) the mean lag = D′ (1) = A′(1)
A(1) − B′(1)

B(1) − = 3
3 − −0.9+0.4

0.3 = 8
3 .

(c)
δ0 = 0, δ1 = 3, δ2 = 2.7, δ3 = 1.83
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