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1. Autocorrelation function is defined as

ρ (h) =
γ (h)
γ (0)

where γ (h) = Cov (Xt, Xt−h) = E [(Xt − E (Xt)) (Xt−h − E (Xt−h))] for
h = 0, 1, 2, · · ·.
(a)This is an AR(1) process, and it was shown in lecture 13 that

γ (h) = σ2
ε

αh

1 − α2
for h = 1, 2, · · ·.

γ (0) = σ2
ε

1
1 − α2

Hence,

ρ (h) =
[

1 when h = 0
αh when h = 1, 2, ...

]
(b) This is an MA(2) process. From lecture 13 we have,

γ (h) =

⎡⎣ σ2
ε (θ1 + θ2θ1) when h = 1

σ2
εθ2 when h = 2

0 when h ≥ 3

⎤⎦
γ (0) = σ2

ε

[
1 + θ2

1 + θ2
2

]
Hence,

ρ (h) =

⎡⎢⎣
θ1+θ2θ1
1+θ2

1+θ2
2

when h = 1
θ2

1+θ2
1+θ2

2
when h = 2

0 when h ≥ 3

⎤⎥⎦
(c) Let’s calculate the variance of this ARMA(1,1) process. Note that the
mean of the process is 0. Then,

γ (0) = V ar (Zt) = E
(
Z2

t

)
= E

[
(ρZt−1 + εt + θεt−1)

2
]

= E
[
ρ2Z2

t−1 + ε2
t + θ2ε2

t−1 + 2ρZt−1εt + 2ρθZt−1εt−1 + 2θεtεt−1

]
= ρ2E

(
Z2

t−1

)
+ σ2

ε + θ2σ2
ε + 2ρθE (Zt−1εt−1)

= ρ2γ (0) + σ2
ε + θ2σ2

ε + 2ρθE [εt−1 (ρZt−2 + εt−1 + θεt−2)]

= ρ2γ (0) + σ2
ε + θ2σ2

ε + 2ρθσ2
ε
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Therefore,

γ (0) =
σ2

ε

[
1 + 2ρθ + θ2

]
1 − ρ2

Note that the process is stationary. We will use the fact that Cov (Xt, Xt−h) =
Cov (Xs, Xs−h) for all s, t, and h since the process is stationary.

E (ZtZt−1) = ρE (Zt−1Zt−1) + E (εtZt−1) + E (θεt−1Zt−1)

γ (1) = ργ (0) + θσ2
ε

since

E (εtZt−1) = 0
E (θεt−1Zt−1) = θE [εt−1 (ρZt−2 + εt−1 + θεt−2)]

= θσ2
ε

Hence,

γ (1) = ρ

[
σ2

ε

[
1 + 2ρθ + θ2

]
1 − ρ2

]
+ θσ2

ε

For h ≥ 2, we have

E (ZtZt−h) = ρE (Zt−1Zt−h) + E (εtZt−h) + E (θεt−1Zt−h)
γ (h) = ργ (h − 1)

since

E (εtZt−h) = 0
E (θεt−1Zt−h) = 0 when h ≥ 2

Solving the first order homogenous difference equation, we have

γ (h) = ρh−1γ (1) for h ≥ 2

Therefore, we have

ρ (h) =

⎡⎢⎣ ρ + θ
[1+2ρθ+θ2]

1−ρ2

when h = 1

ρh−1{ρ + θ
[1+2ρθ+θ2 ]

1−ρ2

} when h ≥ 2

⎤⎥⎦
2. (a) The OLS estimator is given by

β̂ = β + (Z ′Z)−1
Z ′u

where
Zt =

[
1 Xt Yt−1

]
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Then,

plimβ̂ = β +
(

plim
Z ′Z
T

)−1

plim
(

Z ′u
T

)
= β + Q−1plim

(
Z ′u
T

)
where Q =plimZ′Z

T . Note that

plim
(

Z ′u
T

)
= plim

⎡⎢⎣ 1
T

∑T
t=1 ut

1
T

∑T
t=1 Xtut

1
T

∑T
t=1 Yt−1ut

⎤⎥⎦
We now apply a proper version of WLLN to conclude that

plim
1
T

n∑
t=1

ut = E (ut) = 0

plim
1
T

n∑
t=1

Xtut = E (Xtut) = XtE (ut) = 0

plim
1
T

n∑
t=1

Yt−1ut = E (Yt−1ut) = E [(β1 + β2Xt−1 + β3Yt−2 + ut−1)ut]

= β1E (ut) + β2Xt−1E (ut) + β3E (Yt−2ut) + E (ut−1ut)
= β3E ((β1 + β2Xt−2 + β3Yt−3 + ut−2)ut) + E (ut−1ut)

= β2
3E (Yt−3ut) + β3E (ut−2ut) + E (ut−1ut)

= β3
3E (Yt−4ut) + β2

3E (ut−3ut) + β3E (ut−2ut) + E (ut−1ut)

=
∞∑

j=1

βj−1
3 E (ut−jut)

Now, recall that

E (ut−jut) = σ2
ε

ρj

1 − ρ2

Hence,

plim
1
T

n∑
t=1

Yt−1ut =
∞∑

j=1

βj−1
3 σ2

ε

ρj

1 − ρ2
=

ρσ2
ε

1 − ρ2

∞∑
j=1

(ρβ3)
j−1

=
ρσ2

ε

1 − ρ2

1
1 − ρβ3

as long as |ρβ3| < 1. Therefore,

plimβ̂ =

⎡⎣ β1

β2

β3

⎤⎦+ Q−1

⎡⎢⎣ 0
0

σ2
ερ

(1−ρ2)(1−ρβ3)

⎤⎥⎦ �=
⎡⎣ β1

β2

β3

⎤⎦
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The presence of lagged dependent variable on the right hand side makes
all coefficients inconsistent when the error terms show some serial cor-
relation.

(b) How do we cure the problem? The rescue comes from the instrumental
variables estimator(IV). If we can find a variable wt which is closely cor-
related with Yt−1 but not with ut−1, we can obtain a consistent estimator
of β through

β̂IV = (W ′Z)−1
W ′y

where
Wt =

[
1 Xt wt

]
IV estimator is consistent since

β̂IV = β + (W ′Z)−1
W ′u

Then,

plimβ̂IV = β +
(

plim
W ′Z

T

)−1(
plim

W ′u
T

)
= β + Π−10 = β

where plimW ′Z
T = Π and plimW ′u

T = 0 by a proper choice of instrument.

3. a)

s2 =
e′e

N − k
=

ε′Mε

N − k

where M =
[
I − X (X ′X)−1 X ′

]
. Then, E

(
s2
)

= E
(

ε′Mε
N−k

)
= 1

N−kE (ε′Mε) .

Now, consider

E (ε′Mε) = E [tr (ε′Mε)] since ε′Mε is a scalar
= E [tr (Mεε′)] since tr (AB) = tr (BA)
= tr [ME (εε′)]

= tr
[
σ2MΩ

]
since E (εε′) = σ2Ω

= σ2tr
([

I − X (X ′X)−1
X ′
]
Ω
)

= σ2
[
tr (Ω) − tr

(
X (X ′X)−1

X ′Ω
)]

= σ2tr (Ω) − σ2tr
(
(X ′X)−1

X ′ΩX
)

= σ2N − σ2tr
(
(X ′X)−1

X ′ΩX
)
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Hence,

E
(
s2
)

=
σ2N

N − k
−

σ2tr
(
(X ′X)−1

X ′ΩX
)

N − k

=
σ2N

N − k
−

σ2tr

[(
X′X
N−k

)−1 (
X′ΩX
N−k

)]
N − k

(b) It is straight forward to get

lim
N→∞

E
(
s2
)

= lim
N→∞

σ2N

N − k
− lim

N→∞

⎛⎜⎜⎝σ2tr

[(
X′X
N−k

)−1 (
X′ΩX
N−k

)]
N − k

⎞⎟⎟⎠
= σ2 − σ2tr

[
Q−1L

]
lim

N→∞
(N − k)

= σ2

(c) First of all, we will expand s2 as;

s2 =
e′e

N − k
=

ε′Mε

N − k
=

ε′ε
N − k

−ε′X (X ′X)−1
X ′ε

N − k
=

N

N − k

[
ε′ε
N

− ε′X (X ′X)−1
X ′ε

N

]

Then,

plims2 =
(

plim
N

N − k

)(
plim

[
ε′ε
N

− ε′X (X ′X)−1
X ′ε

N

])

= plim
ε′ε
N

− plim
ε′X (X ′X)−1

X ′ε
N

= plim
ε′ε
N

− plim
(

ε′X
N

)
plim

(
X ′X
N

)
plim

(
X ′ε
N

)
= plim

ε′ε
N

− 0×Q × 0 = plim
ε′ε
N

On the other hand,

plim
(

1
N − k

) N∑
i=1

ε2
i = plim

(
N

N − k

)
plim

1
N

N∑
i=1

ε2
i = plim

1
N

N∑
i=1

ε2
i = plim

ε′ε
N

Therefore, consistency requires that

plim
ε′ε
N

= σ2
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4. GLS for SURE system is

β̂GLS =

⎡⎢⎢⎣
σ11X ′

1X1 σ12X ′
1X2 · · · · · · ·· σ1mX ′

1Xm

σ21X ′
2X1 σ22X ′

2X2 · · · · · · ·· σ2mX ′
2Xm

· · · · · · ·· · · · · · · ·· · · · · · · ·· · · · · · · ··
σm1X ′

mX1 σm2X ′
mX2 · · · · · · ·· σmmX ′

mXm

⎤⎥⎥⎦
−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

m∑
j=1

σ1jX ′
1yj

m∑
j=1

σ2jX ′
2yj

· · · · · · ··
m∑

j=1

σmjX ′
myj

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
If σ2

ij = 0 for i �= j, then

β̂GLS =

⎡⎢⎢⎣
σ11X ′

1X1 0 · · · · · · ·· 0
0 σ22X ′

2X2 · · · · · · ·· 0
· · · · · · ·· · · · · · · ·· · · · · · · ·· · · · · · · ··

0 0 · · · · · · ·· σmmX ′
mXm

⎤⎥⎥⎦
−1 ⎡⎢⎢⎣

σ11X ′
1y1

σ22X ′
2y2

· · · · · · ··
σmmX ′

mym

⎤⎥⎥⎦

=

⎡⎢⎢⎣
(X ′

1X1)
−1

X ′
1y1

(X ′
2X2)

−1
X ′

2y2

· · · · · · ··
(X ′

mXm)−1
X ′

mym

⎤⎥⎥⎦ = β̂OLS

i.e., GLS is equivalent to OLS for individual equations.

If X1 = X2 = · · · = Xm−1 = Xm,

β̂GLS =
(
X ′V −1X

)−1
X ′V −1y

=
[(

I ⊗ X
)′ (

V −1 ⊗ I
) (

I ⊗ X
)]−1 (

I ⊗ X
)′ (

V −1 ⊗ I
)
y

=
(
V −1 ⊗ X

′
X
)−1 (

I ⊗ X
)′ (

V −1 ⊗ I
)
y

=
[
V ⊗

(
X

′
X
)−1

] (
I ⊗ X

)′ (
V −1 ⊗ I

)
y

=
[
I ⊗

(
X

′
X
)−1

X
′
]

y = β̂OLS

recall the product and inverse rules of Kronecker product.

a)
Let B(L) = 0.6+2L

1−0.6L+0.5L2 . Then, we can write B(L) as :

B(L) = α0 + α1L + α2L
2 + α3L

3 + ...

Multiply both sides by 1 − 0.6L + 0.5L2, so

(α0 + α1L + α2L
2 + α3L

3 + ...)(1 − 0.6L + 0.5L2) = 0.6 + 2L
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Since both sides of the equation are equal, it follows that ,

α0 = 0.6
α1 − 0.6α0 = 2

αj − 0.6αj−1 + 0.5αj−2 = 0 for j = 2, 3, ...

For the specified coefficients, we can find recursively that

α0 = 0.6
α1 = 2.36
α2 = 1.266
α3 = −0.4204
α4 = −0.8852

b) Just do the following: multiply both sides by the denominator

(1 − δL − ηL2)yt = α(1 − δ − η) + (β + γL)xt + (1 − δL − ηL2)εt

yt = δyt−1 + ηyt−2 + α(1 − δ − η) + βxt + γxt−1 + εt − δεt−1 − ηεt−2

This model cannot be estimated consistently using OLS because lags of the
dependent variable appear on the LHS, i.e. as regressors, and these will be
correlated with the errors. To obtain consistent estimators we need to use the
instrumental variable method, and here we could use lags of x to estimate the
lagged dependent variable and use the predictors in the original regression.
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