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Solution to Problem set # 5

1. Autocorrelation function is defined as

where v (h) = Cov (X, Xe—pn) = E[( Xy — E(Xy)) (Xi—n — E(Xi—p))] for
h=0,1,2,--.

(a)This is an AR(1) process, and it was shown in lecture 13 that

h
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Hence,
| 1whenh=0

p(h) = o when h=1,2, ...
(b) This is an MA(2) process. From lecture 13 we have,

O'g (91 + 9291) when h =1
v(h) = | 0265 when h =2
0 when h >3

7(0) = 02 [1 467 + 03]

Hence,
7&?;291%12 when h =1
_ gy ° _
0 when h > 3

(c) Let’s calculate the variance of this ARMA(1,1) process. Note that the
mean of the process is 0. Then,
¥(0)=Var(Z)=E(22) =E [(pZH Yot 0e 1)
=F [pQZtQ_1 +el + 0% |+ 207 16t + 2007 141 + 2024641
=p*E(Z},) + 02 + 0%02 + 2p0E (Zy_164-1)
= p*7(0) + 02 + 0202 + 2p0E [e4_1 (pZi—2 + €11 + 01_2))]
=p?v(0) + 02 + 0%02 + 2pfo?



Therefore,
o2 [14 2p0 + 62

Note that the process is stationary. We will use the fact that Cov (X3, X¢—p) =
Cov (X5, Xs—p) for all s, ¢, and h since the process is stationary.

E(ZiZi—1) = pE(Zi—1Zs—1) + E(e¢Zy—1) + E (0e4—12:—1)
v (1) = py(0) + b0

since
E(etZi-1)=0
E(Oci_1Zy—1) =0F [e1—1 (pZi—2 +€1—1 + O4—2)]
=0o?
Hence,

o2 [1+2p0 + 62

For h > 2, we have

+ 002

E(ZiZy_y) = pE(Zy1Zi—p) + E (e Zi—p) + E (0ct—1Zi—1)
v(h)=py(h—1)

since

E(e1Zin) =0
E(0e4—1Z1—p) =0 when h > 2

Solving the first order homogenous difference equation, we have
v (h) =p""'y (1) for h > 2

Therefore, we have

o+ W when h =1

h) = 7
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. (a) The OLS estimator is given by
B=p+(2'2)" Z'u

where
Zi=[1 X, Y]



Then,
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where phm . Note that
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We now apply a proper version of WLLN to conclude that
1 n
plimT Zut =FE(u)=0
t=1

1o
phm? ZXtut =F (Xtut) = XtE (Ut) =0
t=1

1
th? g Yicjur = E (Yiiue) = E[(B1 + BoeXi—1 + B3Yi—2 + ur—1) uy)
t=1

ug) + BoXi 1 E (ug) + B3E (Yi—oug) + E (us—1uy)
B1+ BoXi—o+ B3Yi—3 + wi—2) uy) + E (up—1uy)
Yi_suy) + B3 E (ui—2us) + E (ui—1us)

Yiqus) 4 B2F (up_suz) + B3 E (ws—ous) + E (up_1uy)
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Now, recall that

Hence,

plim ZY; g = Zﬁ’ ot 2 R DL

as long as |pfs| < 1. Therefore,
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The presence of lagged dependent variable on the right hand side makes
all coefficients inconsistent when the error terms show some serial cor-
relation.
(b) How do we cure the problem? The rescue comes from the instrumental
variables estimator(IV). If we can find a variable w; which is closely cor-
related with Y;_1 but not with u;_1, we can obtain a consistent estimator
of 8 through

Brv=W'2)"' Wy
where

Wt = [ 1 Xt Wt ]

IV estimator is consistent since
BIV =0+ (W,Zfl W'y

Then,

o~ CW'ZNTH L W
plimGBry = B+ (phm T ) (phm 7 )
=p+170=20

where plimWT/Z = 1II and plimWTl“ = 0 by a proper choice of instrument.

. a)

9 e'e e’Me

"TN-k N—k
where M = I—X(X’X)_lX’] _Then, E (s?) = E (M) = L B (¢ Me).

Now, consider

e'Me)] since e’ Me is a scalar
Mee')] since tr (AB) = tr (BA)
=tr [ME (e€)]
=tr [0>MQ)] since E (e€') = 0°Q
= o ([1-x (x'x)" x| Q)

(

E(e'Me)=E|t
E

=02 [tr Q) —tr (X (x'x)™ X’Q)}

= o2tr (Q) — o?tr ((X'X)*1 X'QX)

02N — o2tr ((X’X)‘1 X’QX)



Hence,
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B(s) = 5=~ N_k
ey | (3) 7 (5%)]
"Nk N—k

(c) First of all, we will expand s? as;

S = = = —_ =

N-k N-k N-k N -k N -k

9 e'e e'Me ge X (X'X) ' Xe N [6/6 €/X(X/X)1X,E]

lims? = lim—N lim 6,—6 - eX (X’X)ﬂ X'e
PR = PN ) \ P N N

= limgl—g — limng (X/X)il X'e
TPy TP N

o g'e . e'X . X'X y X'e
—plmN plim N plim N plim N

!/ !/

= plim% —0xQ x0= plim%

On the other hand,

1\ & N 1 & 1 & e'e
i S E 2 — pli _— im— E 2 — plim— E 2 — plim—
plim (N — k‘) ¢;j = plim (N — k) pth 2 g; pth ¢; = plim N

i=1
Therefore, consistency requires that

ele
lim=> = o2
plim o



. GLS for SURE system is

- m -
1 > oV Xy
oM XIX,  o2X|Xy e amXiX, 1| W .
By = o X4X,]  02X4Xy e o2 X X, Zl o9 X5y;
T e s s J=
o™ X! X1 o™X Xg e o™ X! X .
21 o™ X0 y;
L J= .
If afj =0 for ¢ # j, then
Ullxixl 0 @ e 0 - UllX{y1
BGLS _ 0 022)(5)(2 ........ 0 022)(£y2
I 0 0 e o™ X! X, ommX! g,
(X{Xl)_l Xiy1
1
(X5X2) " X5ys 2

i.e., GLS is equivalent to OLS for individual equations.

IlezXQZ"':Xm—lzxmm
Bars = (X'VAX)_1 X'Vly
— — 11 —
= |1eX) (vien (eX)] (eX) (V'ely
——\ 1 —
= (v'eXX) (1eX) (v'el)y
——\ ! —\/
[V@(XX) }(I@X) (Viel)y
——\ 1 __ ~
= [I®(X/X) X,:|y:ﬁOLS
recall the product and inverse rules of Kronecker product.

a)

Let B(L) = %. Then, we can write B(L) as :

B(L) = ap+a1L +asl? + asL® + ...
Multiply both sides by 1 — 0.6L + 0.5L2, so

(g + L+ asL? + az3L® + ..)(1 — 0.6L + 0.5L?) = 0.6 + 2L




Since both sides of the equation are equal, it follows that ,

ap — 0.6
a; — 0.6ag = 2
a; —0.6aj-1 +0.5a;_2 =0 for j =2,3,...

For the specified coefficients, we can find recursively that

ap = 0.6

a; = 2.36

ag = 1.266
az = —0.4204
ay = —0.8852

b) Just do the following: multiply both sides by the denominator

(1—0L—nL?)y =a(l —6—n)+ (B8+yL)a: + (1 — 6L — nL?)e,
Y = 0Ys—1 +nye—2 + a(l =0 —n) + By + vy + ¢ — der—1 — nEL—2

This model cannot be estimated consistently using OLS because lags of the
dependent variable appear on the LHS, i.e. as regressors, and these will be
correlated with the errors. To obtain consistent estimators we need to use the
instrumental variable method, and here we could use lags of x to estimate the
lagged dependent variable and use the predictors in the original regression.



