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Solution to Problem set # 4

1)

For Model I;
/ o X{Xl X{XQ r X{y
XX[XéXl XX, and X'y = Xby
Therefore,
~ -1
2 ﬁl ’ —1 X{X1 X{XQ X{y
’ l g | T A= xax x| | Xl

We are interested only in [;3\1. We have to figure out two upper blocks of the
inverse matrix to calculate 8;. By the formula of partitioned inverse, the upper-
left corner of the inverse matrix is given by

-1
(X{X1 — XXy (X X)) ngl)

—1
- (X{ (I — X (X4Xs) ! Xg) Xl) — (X! Mo X1) "}

where My = I — X5 (XéXg)_1 X). And the upper-right corner of the inverse

matrix is

— (X{MyX1) " X{ X2 (X3X2) ™

(To see this, look at Magnus and Neudecker, Matrix differential calculus, page
11 and 12. This book is on reserve in Malott library). Hence, we have

B = (X{MaX1) ™ Xiy — (X{MaX1) ™ X1 Xa (X5X2) ™" Xy
= (X{MyX,) " X} [I — X3 (X}X5)™! Xé} y = (X{M2X1) ™" (X] Moy)
On the other hand, the least squares estimator for 51 in the Model II is;
B = (X{MsMoX1) ™ (X] M5 Moy)
= (X[ MaX1) ™ (X{May) = B

Note that Ms is symmetric and idempotent. Ms is a projection matrix onto a
subspace orthogonal to a subspace spanned by columns of X5. Therefore, My X3



is an (n x k1) matrix whose j** column consists of residuals from the regression
of the j** column of X; on Xs. In the Model II, we actually regress residual
vector Moy on the matrix of another residuals M>X;. Moreover, you can show
that the residual sums of squares from the two models are identical. It is harder
but doable. Why don’t you try?

. N/ . .
erer = (y - X161 — X252> (y - X1p1 — Xzﬁz)

= (ng — M2X1§1)/ (ng — M2X1B1) = ejrerr
2)

Rewrite the model as;
Y = fo+ Z1p1 + Z2f2 + €

where Y =log @, Z; =log L, and Z5 = log K. In mean deviation form,

y=X101+ X082 +¢€

where y = Ay, X1 = AZ1, and Xy = AZ; with A = %11'. Instead of the true
model, we run the regression;

y=X1581+e¢
The true estimator would be;
B = (X{M>X1) "' X{ Moy
The estimator from the false regression is;
Br=(X1X1) " Xy

Suppose that X7 and X, are orthogonal - what does it mean? -, X{ X5 = 0.
Then,

XMy X; = X! {I ~ X (X4 X)) ! Xé} X,
= XIX) — X| X0 (X5X5) ' X5 X,
= XX,
X{ Moy = X{ [1 = X, (X3X5) 7" X5 y
= X{y — X{Xa (X} X2) ™' Xy
= X1y



Hence, B R
If X; and X5 are orthogonal, 6; = 3

i.e. dropping the capital variable does not affect the coefficient on labor. You
can verify that Var (61) = Var (51) if X3 and X5 are orthogonal.
3)

(a) Easy! -has nothing to do with econometrics. It is directly from the
definition of the constant returns to scale. Use the famous Euler’s theorem.

(b)
dlog Q
= I
log L B2 + Balog L + B log K
dlog @
= log K
Dlog I B3 + B5log K + (¢ log L

Hence, constant returns to scale requires that

B2 + Balog L + Bslog K + B3 + 5 log K + (B¢ log L
= (B2 4 B3) + (Ba + B6)log L 4 (B85 + f6) log K = 1

The last equality requires that

(B2 +B3) =1A(Bs+Ps) =0A(B5+ ) =0

The above is our null hypothesis. To test the hypothesis, first of all, we run
the unrestricted regression given in the question and keep the residual sum of
squares and then run the restricted regression as shown below; Imposing the
restrictions, we have;

(logL)®  , (log K)*
log@Q = 1 + B2log L + B3 log K + (34 5 + G5 5 + Pelog Llog K +¢
=1+ f2log L+ (1 — fBa2)log K
log L)? log K)?
+(1—66)7( g2) +(1—ﬁs)7( g2 ) + Bslog Llog K + ¢
2 2
= log@ — log K — (10g2L) — (logZK)

(1og2L)2 (logsz) .

=01+ B2 (logL — log K) + g <1ongogK— —
Define

)= logQ — log K — (logL)*  (log K)*

2 2
X1 =(logL —logK)

2 2
X, = <1ogL10gK— (og L)” _ (log K) )

2 2



Then, we regress y on a constant, X7, and X5 to get the restricted model. The
estimation will results in the restricted residual sum of squares. Then, we form
the F' — statistic;

(¢rer — epey) /3

F = ~F(3,N—-6
eper/ (N —6) 3 )

4)

(a) Note that

1

B=X'X)" X'y=p+(X'X)" X

Hence,
E (ﬁ) =[+ (X'X)_1 X'E (¢) = (3 unbiased

Moreover,
E (B) =F [3—}— N*11} =F (B) + N7'1 =3+ N~'1 biased
E(B) - E [34_ N_%l} =F (3) +N"21= B+N_%1 biased
Note that biases of both E and G vanish as N — co.

(b) As shown in (a) of question 4, under some proper conditions - what are
they? -
550

i.e. B is consistent. On the other hand,

plimg = plim [3—1— Nﬁll} = plimB—l— pim N~ '1 =7

N—o0

plim3 = plim [3—1— N_%l} = plimg—i— plimN_%l =7

N—oo
Hence, both B and § are consistent.
(¢) Again, under some proper conditions, we have
VN (B— 5) 4 N (0,Q7Y)
where ) :plim%. Then,

\/N(B—ﬁ) zx/ﬁ(B+N—11—ﬁ) :\/N(B—6>+N—%1



Note that R
VN (-8) % N(0,Q7") and N7¥1 %0

Hence,
VN (ﬁ - 5) 4N (0,Q7Y)
On the other hand,

\/N(B—ﬁ)zx/ﬁ(ﬁﬂv—h—ﬁ):\/N(B—B>+1

Again,
\/N(E—ﬂ) iN(O,Q‘l) and 151
Therefore,
VN(@-0) 5N (1,07
5)

(a) Since x}s are i.i.d. with the finite first moment, we can resort to the
WLLN to conclude that

1 n
plim-— iglx (x;)

i.e.
1 — 1
1- —_ i = —
9 1mn ;:1 T 5

For the second quantity, it is simple again the sample average of i.i.d. random
variables 27 with the finite first moment. We have

1L
phma ;xf =F (xf)
ie.

1 — 1
li _E 2=z
plIIlni:liL'z 3

By the same reason, we infer that

1N~ s 3 1
pllmE;xi:E(xi):Z



(b) Note that

3 _ E:‘L:1 (i = %) (Yi — Tn) _ E:L L (T —Tn) Y
i (zi = fn)2 D (i — xn)Q
:E?ﬂ(xi_jn)(x?"'gi)22?1372( —Tp) + 3 1€z(z_fn)
i (@i — fn)Q i (@i — xn)

1 n 3 1 n 1 n )
7 21 T D 13733”"' Zz 16i%i — 3 21 Ein

i (i = n)2

We will take care of the denominator first.

plim% z”: (x; — xn = plim— <Z T; —nT ) = plim— Z x; — phmx

i=1

n

2
1 1<
= plim— Z x? — plim [— Z xi]
nia nis
1< 1< 1P 1\
_ . 2 . . _ - _
_phmE;mi — lphmE ;J)z] =3 (2> =13
For the first two terms in numerator,
1 n
plimg me’ = -
i=1
s o 1l &K s I,
phmg z; T;Tp = phmxnﬁ Z x; = phmxnphmﬁ z; z;
i—
1 1 1
= pli i ==-X=-==
= plim— Zx plim— Zx 2 3= 6

Finally, note that %Z?zl g;x; is the sample average of i.i.d. random variables
g;x; with finite expectation. Again by the WLLN|,

1n
lim= 3" e = E (ej25) = E () E () = 0
plmn;ex (e5x;) (€i) E (x3)
On the other hand,

plim— Z €iTn = plimT,,— Z g; = plimZ,, plim— Z €;

i=1
= phmg z; xiphmg z; ei=0
i= i=



In sum, we have

For the intercept term,

Hence,

n

plima = plim <% ;yi - 3% ;xz> = plim% ;yz - plimﬁ% ;xz

n n
= plim% ; (xf +ei) — plimb’plim% ; Zi
= plim— Z a:% + plim— Z €; — plimGplim— Z T;
s i s
=E(2})+E(e) -1 ><E(x~):l—|-0—l——1
’ ' Y3 2 6

(c) Note that

dy d 1
Then, E Ny ) (%)
(d) By the definition of the least squares estimator,

5— D i) T B D T (xf + Ei) _ Do T D g

i I Yot
_ % Dy T+ % S wig

%Z?:1 xf

Note that

I~ . 5 1
lim— 35— F(23) ==
plmniglmz (z7) 1
1n
lim — i€i = E (zie;) = E(x;) E (i) =0
plmn;ﬂxa (xig4) (i) E (4)

1, o1
phmEinzE(xi)=§
i=1



Then,

1
i 3
plim-y % 1

Since, E (%) =1,7 % E (Z—i) .

6)

(a) We have N sets of observations on (y;, ;) to estimate the parameters
(ﬁ’ ,02) . In addition, we know the error distribution. Considering the linear
relationship between y and &, we can immediately identify the distribution of y
as

y~ N (X3,0°I)
Conceptually, we have to start the joint density function of (y1, y2, - - -, yn) since
that is the data we have. Let’s denote the joint density as

P<y1ay2a' ’ '7yN;6a02)

What do we know about the distribution of y;s? First of all, they are indepen-
dent so that we can express the joint density function as the product of the
marginal density functions;

N
P (y17y2a o '7yN;6a02) = sz (%;@02)
i=1

where p; (yi; 0, 02) is the marginal distribution of the i*" observation of y. Can
we go farther than that? Yes, we know that all y}s have identical distribution.

Then,
N

P (ylvaa © YN 6; 02) = Hp (yza 6; 02)
i=1
The density function is a function of random variable y given some parameter
value. Changing the perspective, we can treat the density function as a function
of unknown parameters given data y. It is called the likelihood function;

N
L (6;02;:’/1;2/27 o ayN) = Hp (%;@02)
i=1

Taking logs to get the log-likelihood function;

N
IOgL (6;02;:’/1;2/2; o '7yN) = Zlogp (yi;ﬁagz)
i=1

In case of i.i.d. sample, the log likelihood function of the whole observation is
simply the sum of individual log likelihood functions. Let’s figure out the form
of logp (yi; s, 02) . We know that

yi ~ N (B'wi,0%)



hence,

1 1
p(yif:0%) = —= e | =55 (vi = Bwi)?
Taking logs,
1 1 1
logp (ys; 8,0%) = =5 log 2m — S log o — 5= (y; — B'z;)

Then,

1 1 1
IOgL (570252/173/2,' ! ;yN) = Z [—§log27r — 510g0'2 — r‘_z (yz —ﬂ/xi)2:|

=1
N
N N 1
=-3 log 2m — > logo? — 357 Z (yi — ﬁ’mi)Q

i=1

Yes, this is the thing we want to have. Sometimes, it is more convenient to have
the log likelihood function in vector notation as;

N N 1
(=10 L (8,0% y1,y2, - yn) = =7 log2r—-log o~ (y — XB)' (y — X )

We will play with the vector notation since it is the common practice in econo-
metrics. To get the MLE, we differentiate the log likelihood function with
respect to parameters;

or 1

T (—2X'y +2X'X3)

o N 1 '
8% ~ 202 T g1 W XA (W= XD)

Setting the derivatives equal to zero, we have MLE.
8= (X'X)" X"y
— _
o _ (y-XPB) (y-XB) e

N N
(b) To get the asymptotic distribution of MLE. Recall that

VN @ =0) = N (0. (30) ")

when 7 is the MLE of the true value vo. i (7o) is the (expected) information
matrix defined as
_82 log p)

i(y)=F < e

remember that the information matrix is defined in terms of the second deriva-
tive of individual density. Going back to our case, we can conclude that

BG4 x i)




To determine the asymptotic variance matrix, we have to calculate the second
derivative of the log likelihood function. One thing you should pay attention to
is that the log likelihood function itself is something involved in the joint density
but we need to calculate the second derivative of the individual likelihood. The
saver lies in the fact that in case of i.i.d. the log likelihood for the whole
observation is the sum of individual log likelihood;

N
C=1og L (8,0%y1,y2,- -~ yn) = Y _logp (yi; B,07)

=1
Hence,
20 L 92
[ — — 1 i 2
3507 ;%aﬁ, ogp (yi; B, 0%)
Then,

E <_8_2£> - E zN:_a—210gp (yzﬂ 02) = Ni (5 02)
95308 s BB ) )

Therefore, we can work with the log likelihood function to get the second order
derivatives and divide by the sample size IV to get the correct estimator of the
asymptotic variance matrix. Taking the second order derivative to get

9%¢ 1
5500 =—= (X'X)
9%¢ 1
950 = 307 (X'y — X'X3)

0%/ ’
N L xpy - xp)

b (02)2 204 o

Assigning minus sign and then taking expectations;

E( ot )— 1E(X’X):%(X’X)

- 9BIs o2
E o2 = ! X'E X'Xp) = 1 X'X X'X6=0
<_W)TC4[ (y) — 5]*@[ B — Bl =

0% N 1 ,
E <_8(02)2> = 551 + FE [(y—XB) (y— XB)]
—E(e'e):—%—k—:—

Then, the information matrix is given by

4 [F0 2 ] [#(R) o]

10



Taking the inverse of the information matrix to get the asymptotic variance

matrix L
- 2 (X/'x)

o= | ) o

0 204

Therefore,

_ -1
_ 2 (X'X
@R oG 2])
0 20
In other notation, we may write as;

LN (ﬁ, o2 (X’X)_1>

4

o d 9 20
N -
o° — (U,N>

What do we know about the exact distribution of 37 (3 is equivalent to the
least squares estimator 3. Under the normality, we know that

BN (0% (X'X) )

The asymptotics work!
(c) From (b);

o 1 , 1 ,
On the other hand,

([22][24]) = ([ atatoweonns] [y o sowona)] )

1 /
— B (IX'y = X'XB] [X'y — X'X5]')

1 1
= FE[X/E}?/X] = ﬁ (X/X)

11



