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1. (Warmup) First of all, note that
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Now, the OLS estimate is given by;
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To find s2, we have to find €’e;

e = (y—XB) (y—Xﬁ):y’ymﬁX’Xﬁ
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Then, from the formula for s?;
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The full data set is a (20 x 3) matrix whose first column is the vector
of observations on the dependent variable and the remaining columns
are the vector of ones corresponding to the constant term and vector
of observations on the independent variable. On the other hand, the
cross product matrix given in the question is simply a (3 x 3) matrix.
Still, we can extract every bit of information we need from the cross
product matrix only. We do not lose anything just by looking at the
cross product matrix. In other words, the cross product matrix is a
sufficient statistic for the regression model.

. To get B , we follow the instruction in the question;
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Then,

To check the unbiasedness, we will transform our estimator slightly;
l By } - [ ((By+ B2 + (1)) + (B — B2 +E(2))) ]
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since E [€(j)] = 0,7 = 1,2. Therefore, 3 is unbiased. As for variance
matrix,

var[f] = B[(3-£(3) (- £())]=£[(3-5) (3-9)]
= E [ igggfgzgg ] [ 1e(1) +3e(2) 38(1) —3€(2) ]}
= e+ 5=@) (3e(1) + 32 (2) (53(1);
(Je)+12(2) (3e(1) - 32(2) (fe1) - 12 (2)
We now calculate the expectation of each element;
E [(gzm +52(2) } = (B[] +E[@)] +2B(E0) @)}
= %[Var(?(l))—l—Var(E(Q))+QCO'U (2(1),2(2))]
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0— Verify these!-. Continuing the calculation, we have

EK%E(I)+%E(2)) (33(1)—%(2))} = 25[3(1)2_2(2)2]
= ;VarE (1) - Var €(2)] = 0
Finally,
B [(_;.gu) s (2))2] = (B[] +E[e@)] - 2B 0) @)
= [Var (£(1)) + Var ((2)) - 2000 (£ (1) ,#(2))]
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Therefore,
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To check the consistency;

[ plimgi ! }

L plim%? (1) + plim%,E (2)
plimf3,

4 l B, + plim3€ (1) — plim3 (2)

To make the presentation simple, let’s arrange the data so that we
have %’- observations from the Group 1 first and % observations from
the Group 2 later.

Boz(l) = el e % LS o0
plimze = Splime —2p1m(%£) &=3E(a)=
s
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2 2

Hence, I

plimG = 3
ie., B is a consistent estimator for B. A little bit easier way to prove
the consistency is to notice the fact that

B(3) =0, jim Var (5) =0

implies that are 0B, which consequently implies that 858
What is the OLS estimator then? First of all, note that the X matrix
is given by
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Again, we record % observations from the Group 1 first and % obser-
vations from the Group 2 later. Then,
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Hence,
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Therefore,
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We can infer that
o = 1
Ver (Boue) = Ver () = 2 0]

Or you can calculate the variance matrix with;

Var (BOLS) =02 (X'X)' = o? [ SJ ?V :’_1 — { ﬁ i ]
which is exactly what we expected.
. We assume that
z; ~ t.a.d. (,ux, r:rg() and €; ~ i.3.d. (O,Jf)
The OLS estimator is given by;
T (z-2)(%-7) YL (z-2y _ XL, (-7 (e+fzit+ )

B:

SN AR PR L5, IR o " (z—2)°
= O!Z?:I (Zi = E) ﬁzz:l (zl 55 ):‘31 i Z?:l (z‘i T 2) €;
raE =) 7 %—d ?1%~ﬂ2
o Btz =2)a:. . b (2 —
T Tl et z)2 = Z
Then,
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We further assume that
Vi r~ 1.1.d. (0, 0'3)

and v; is independent of z; and ¢;. Let’s calculate probability limits;

" n

plim% z (z; — 2)2 3 pliml Z (i + v, — T — p)z b7 plim% i (z; —Z) + (vi — g)]Q

=1 i=1 =]
n n

plim:—l Y (z:i—7) + 2p]jm% > (i —T) (i — D)

=1 =1

il g
lim— —
+p1m’;1(v 7

= o% +0+02 = 0% + 02 since z; and v; is independent

1 n 1 mn
phm; Z (Z,f o 7) Ty = phm; Z [(.’L‘i el f) + (Vi e I_J.)] x;
i=1 b =1
] o = S dliat =
= plim— Z (z; — T) z; + plim— Z (vi—7)z;

n i3 n i=1

. 1 & b .1 & = =

plim= " (z; — 7)° + phmﬂ Y (zi— %) (vi — D)

Ci=1 ‘ i=1

ll

= o%
On the other hand;

.1 . 1 &
phm; ) (zi—Z)& = plim=) [(z: —Z) + (vi — D)] &
i1 n =1
o d e S e 5
= plim—) (z; — 7)€ +plim— Y (v; — D)€
L n =1
= 0 since ¢; is independent of z; and v;

Therefore,
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For the variety, we will derive the probability limit in vector notation.
Our model is given by;

w;iy; = Yw; + 0w;z; + u;
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The OLS estimator is;

=
~ 2 n
a7 e ?:]_ wi Zt—nl Wi;W; 25 2?:1 W; W5 s
7 == 2 2
) Z?zl W;W; Z4 —1W; 2 2?:1 Wy Z;W; Y
—1
n 2 n n ]
i l PR Z:~1w } ] { 21 Wi Y }

n 2 n 2
Wiz i 1wz i=1 Wi 2:Yi

Hence,

o ot R ol 0 B L R0 Hw % 1_1 wly;
[ plimé ] =D L’" [ % fw'E b pandad phm > wizy
= p]jm n e phm 5 wa | pliml 2 wl Vs
= phm gl 'w2z, phmn b s phm SR Wiy

Suppose that w; ~ i.i.d. (uy, 0%,) and E (w;z;) = owx # 0. Moreover,
we assume that w; is independent of ¢; and v;.

phm Zw = E(wf)

n 1.:1

phm Zw 2 phmﬂ Zw (x,-i—v)——phm—Zw :t:,+p11m Zwv

o i=1 Sa=1 n 1=

= F (w?m-) - FE (W?Vi) =F (w-:rv) -F (wf) E(w)=F (wfxt-)

phm ng 2 = phmn ;w T+ ) = phm K Zw
+2phm; ; wlv; + phm; 2 w?
= E(wi?) +2E (wivi) + E (w}})
= F (w%g) 2 [E (w?) E (V,—)] +F (wf) v (Vf)
= FE (wfz:f) +o’E (wf)
And

) L
pngwa plng'w, (a+ Bz; + €)

i=1 i=]1

= aphm— Z w? + ﬁphm— Z wiz; + phm Z wle;

r—“l n i=1



= aE (w}) + BE (viz;) + E (w}e:)
= ab (w?) + BE (wfa:,-) ¥ (w?) E (&)
= oF (wf) + BE (wfa:l-)
phm Zw Sy = plim% iw? (zi + vi) (. + Bzi + €;)
ni=1 A

1= s At iR
= aplim— Z wiz; + ﬁplim— Z wiz? + phm; > wize;
i=1

+aphm— Z wiv; + 6phm~— Z wiviz; + pllm— Z wlve;

n.3 n o W=
= aF (wi :1:,;) + BE (’wi :I:,;) + E (wg -Tiez')

+aE (w?r/i) + BE (wfl’imz‘) +E (wf”ifi)
= oF (w}z;) + BE (w}a})

Therefore,

pimy | [ E(w?) E (w2z;) [ aE (w?) + BE (wiz;)

plimé | | E (w?z;) E (w?z?) + 02E (w?) aF (w?z;) + BE (w?z?)

Then,

g = ~E(E) 0B uf) + 08 (uln)] + E (u?) o (uFs) + BE (wla)
E (w?) [E (w?a?) + 02 (w?)] — [E (wiz:)]”

B[ (uf) B (wda) - utel]
~ E(wd) [E (wa?) + 02E (w?)] - [E (wiz;)]? # 3 as long as o, # 0.
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